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3ABSTRACT
A series o f d if.fraction problems in  acoustics and 
electromagnetism are considered, and solved by various in tegra l 
equation techniques. A general introduction to the methods 
o f approach is  given in  Chapter 1»
The major problem under investigation is  that o f a vibrating 
piston mounted in a f in i t e , acoustically r ig id  b a f f le , radiating 
sound from one face only. This is  solved fo r  low frequencies 
in  Chapter 2 by reducing the problem to the solution o f a 
hre&holm in tegra l equation o f the second hind* Numerical 
techniques are used to solve this equation*
The follow ing tha?ee methods fo r  high frequencies are 
then employed in  Chapter 3 ' ' -
( i )  an approach leading to an in tegra l equation of 
the second hind, which is  suitable for ite ra tiv e  solution 
at high frequencies,
( i i )  a Wiener-Hopf technique, _
and ( i i i )  an application of K e lle r fs-geometrical d iffra c tion  
theory.
Far f ie ld  amplitude and radiation imrjodaneo results are 
presented*
Chapters 4 and 5 contain three cases of high frequency 
d iffra c tion  by a circu lar disc o f various incident fie ld s *
These are the problems of
( i )  a point source o f sound situated above an acoustically
r ig id  disc. •. • -
( i i )  . ail o sc illa tin g  e le c tr ic  dipole situated above a 
perfectly  conducting disc and oriented
(a) perpendicular to the plane' o f cthe d isc f 
and "(b) pa ra lle l to the plane of the disc*
The solutions are obtained by the f i r s t  high frequency method 
mentioned above fo r  the b a ffle  problem.. . Asymptotic 'expansions' 
fo r  the fa r f ie ld  amplitudes are given in  each case.
Finally* Chapter 6 is  concerned with the problem of 
d iffra c tion  of a plane acoustic wave by a.,general, three 
dimensional, r ig id  body. Certain methods are employed in  
an attempt to obtain the f i r s t  two terms of the scattering 
cross section involving only the solution to one simple ' * 
potential problem. The particular case of a r ig id  e llip so id  
Is  discussed in. d e ta il.
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I NTRODUCTION'
I
We consider here a series o f d iffra c tion  problems in  
acoustics and electromagnetism- and their s olu: Sri on by various 
. in togra l equaiion ; teplmiques, .In general-, the pr oblems a,re 
■ re presented-1a,S' solutions o f a partia l ‘d iffe ren tia l 'equation ' 
together with certain boundary and radiation conditions*. The. 
basic approach employed is  to formulate the problem, by means 
o f Green’ s theorem, as a Fredholm in tegral equation-of the 
f i r s t  kind* D irect solution o f this type of. equation, however 
is  usually very d i f f ic u lt  e ither .by a n a ly t ica l.or- numerical 
methods*. -" Thus, in most cases, th is equation-is'*converted , 
to--a* Fro dholrn 'in tegra l e quati on o f the second--kind, -.which,, 
under certain conditions, can be solved by ite ra tiv e  processes* 
Approximate solutions are obtainable in  this way.
In the ease o f the acoustic problems under consideration, 
we.assume that the d iffra c tin g  obstacles are acoustically 
r ig id  (or “sound hard'5),  i . e . . the. normal .derivative o f the • 
v e lo c ity  potential vanishes on the d iffra c tin g  surface* For
the two electromagnetic cases, the condition o f perfect
conductivity is  studied, i , e ,  the tangential components of, . 
the to ta l e le c tr ic  f ie ld  vanish on the surface* We shall 
now outline the particular problems with which we shall be 
dealing*
The major part of this thesis is  concerned .with a study . 
o f the problem of a piston radiator mounted in  a f in ite ,  
acoustically r ig id  b a f f le , and the determination o f f e r  f ie ld
amplitude and radiation impedance results*
The related problem of a p iston ' source mounted in an
in f in ite  wall has been extensively treated in  the past.'by ‘ 
many.'.;authors (e .g. Rayleigh 0lJ , Bouwkamp. [2j ) • . 'However,. 
th is special case eliminates the complications o f d iffra c tion  , 
at . the , b a ffle  : edges. ,. ?i.Also the problem of . a- freely^=vibrating, 
unbaffled disc has nreceived considerable attention (Bouwkamp ,[ 
Wiener [4] , Hanish [5].)® Both these cases are particular' 
instances o f the. more general “f in ite  b a f f le 51 problem.
This type o f system has some application in.the f ie ld  
o f underwater acoustics. A sonar array, for. example, might 
be , constructed, pf\.piston sources set in .b a ffle s  of. arbitrary 
shape. Values fo r  the. d ire c t iv ity  and acoustic impedance. . 
are therefore quantities o f practical importance» .
The treatment here is  confined to the idea l case o f a 
r ig id , circu lar piston o f in fin itesim al 1-hickness radiating, 
sound by small-amplitude, harmonic vibrations into a homo gene on 
isotrop ic .medium of in fin ite  extent. The surrounding • concent 
circular, baff3.e is  assumed to be perfectly  r ig id . , The 
problem is  investigated at both ends of the frequency spectrum 
and over the whole range o f b a ffle  sizes, thus including the 
"free ly  v ib ra tin g ". condition at one end o f ■ the scale and 
the in fin ite  b a ffle  problem at the other.
A fter a genera,! introduction, Chapter 2 deals with the. 
low frequency solution, i . e .  where the wavelength is  large 
compared to b a ffle  radius. The problem is  reduced to the 
solution o f a Predholm in tegra l equation of the second kind, 
by use o f a conversion process developed by Williams [j$J.
This equation is  solved numerically- and fa r  f ie ld  amplitude
and radiation impedance values' are computed* These ■ are 
presented-in the .tom-of tables and graphs in  the la s t section 
o f . the chapter* where a 'comparison'with 'results obtained by 
a other.authors isvcarried  out*
The case o f high frequencies is  then considered .and 
Chapter 3 contains three d istin ct methods o f solution; an 
in tegra l equation approach, due to Jones [^7jP a Y/ieher-Hopf 
technique and a method based on Keller*s- geometrical d iffra c tion  
theory. . . .
. . . iTlie ; f irsm e th o d  is  'o f-particu lar in terest asr . u n til the
recent publication o f a paper by Williams f 8] , i t  was very / 
d i f f ic u lt  to see how Jones* analysis could be applied to the 
type o f f ie ld  produced,by the vibrating piston 'pr, in  fact* 
to any incident f ie ld  other than that of a plane wave.
■ However* these d if f ic u lt ie s  are overcome in  [8] and the .. :
general methods given there -are. applied .to the present problem . 
in  section (3*3). Far f ie ld  and impedance expressions are 
obtained in  the form o f asymptotic expansions, The analysis 
becomes somewhat complicated in the evaluation of higher 
order contributions.
In the next section* the problem is  considered as a 
solution of an in tegra l equation o f the f i r s t  kind* This 
is  solved by use o f the Y/iener-Hopf. technique, and leads to 
results in  agreement with those o f section .(3 .3 )*
This is  followed by a completely d iffe ren t type o f 
approach using K e lle r ’ s theory o f wave propagation. The 
results* which show some small discrepancies with .those o f
the previous two sections, illu s tra te  the short-coinings of 
the method,' but the re la tive  ease with which they are obtained 
is  an obvious advantage* * ,■ ... • .
Numerical; and,vgraphical results foiyhigh, frequencies ax-e 
given in  the last''''section of Chapter 3. '
The next .two chapters o f th is thesis contain three cases 
o f high .frequency d iffra c tion  by a circu lar disc* These . 
problems are solved by the Jones-Williams technique mentioned 
above, and they illu s tra te  it s  application to various, incident 
fie ld s *  The particular problems considered.ares
(1) a point source o f sound situated above the centre
o f on acoustically r ig id  disc, ' ■ • '
(2) an osc illa tin g  e le c tr ic  dipole situated above a
perfectly  conducting disc, and oriented
(a) perpendicular to the plane of.the disc, 
and (b) p a ra lle l to the plane of the disc*
The results are presented, in  Chapters 4 and 5, as asymptotic 
series fo r  the fa r  field-amplitudes, and •'under' certain oondi.ti 
comparisons are mad,;-" with the work o f previous authore*
Finally, in  Chapter 6, a case o f low frequency, acoustic 
scattering is  studied. The problem is  that o f a three- 
dimensional, r ig id  body, o f arbitrary shape, illuminated by 
a plane acoustic wave. The method o f solution employed 
d iffe r s  from the low frequency technique used fo r  the b a ffle  
problem, in that the Fredholm in tegra l equation of the f i r s t  
kind is  used d irec tly . A series o f these equations is  
obtained by expanding-the ve lo c ity  potential in  powers. of-
wave number. An attempt is  made to determine an expression - 
fo r  the f i r s t  two. terms o f th e ,scattering cross section* 
requiring only the solution o f the f i r s t 'o f  these equations* 
This, process has been -carxue &, out by\Y/illiams j 9] fo r  the .case 
o f a sound-soft body* 'However, i t  i s : s lom  in  section (6,2) 
that this is  not possible fo r  a r ig id  body o f arbitrary shape« 
The analysis is  carried out fo r  the particular case' o f an • 
e llip so id  in sections (6*3) and (6c4)*
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G E N E R A L  .D E S C R IP T IO N  O F .T H E  B A F F L E
P R O B M  AMD I 'J S  -SOLU l'X .QN F O R
LOW R R E O U E N C IE S
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(2 .x ) araaouu'Q'jxoh msuse o f mb sijpbbbosction pkotoctiIe
This chapter and the follow ing one a re■concerned with 
the solution o f the problem of a circu lar piston, set in  a 
f in it e ,  r ig id , ..concentric; b a ffle ; radiating sound from one 
;‘ face only* Previous work 011 th is type of system includes : 
that of PacMier [1]-, Nimura and. Watanabe [2 ] and, more 
recently, Crane [^3 and DeVore et a l [43.
These investigations re ly  on the princip le of super­
position  of f ie ld s , o r ig in a lly  concieved by Cutin, which 
.represents th e .ba ffled  piston as a combination of a 
f in i t e ly  ba ffled  o sc illa tin g  disc and an in f in it e ly  ba ffled  
pulsating disc. The la tte r  problem has been studied by. 
many authors, an extensive review being given by Bouwkamp . 
[53. Nimura and Watanabe employ a method involving oblate 
spheroidal coordinates to obtain numerical resu lts fo r  the 
o sc illa tin g  component over a lim ited range o f b a ffle  s ize; 
while.Pachner attempts a solution of Rayleigh’ s integro- 
d iffe ren tia l equation fo r  the more general case of a b a ffle  
of arb itrary shape. However his complicated analysis is  
unsuitable fo r  numerical computation. Crane’ s approach 
involves finding an approximate solution of the integro- 
d iffe ren tia l equation, and. he produces many numerical and 
graphical results fo r  the. radiation impedance over a wide 
•range of b a ffle  ra d ii at low frequencies. However the 
choice of the form of his approximation r e lie s  heavily on 
resu lts obtained by Banish [6] fo r  the lim itin g  case o f an 
unbaffled piston, and: th is  fact casts doubts on the 
v a lid ity  of h is resu lts when the b a ffle  is.present*
■ ■ 17
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In a paper which lias just been published, he Yore et a ll 
use a method'involving, spheroidal wave functions to obtain 
numerical .results fo r- ’th is  problem-which are .in good 
agreement with those found, by the present author•
’ The •:starting-point of the. method'-given here i s  the 
Gufin concept which is  represented in- the fo llow in g ’diagram*
CP A t  f / l  </’ V//.
A  Yi A  ■ T?~ A  *
. I t £
One-sided radiator * O scilla ting disc Pulsating disc
in f in ite  b a ffle  in f in it e  b a ffle
P ig. 1
Since the piston motions have simple harmonic time dependence
the to ta l v e lo c ity  poten tia l, §, can be written as
' t ( r , t )  = ^ (r )e “ iwt = (^ ( r ) .
at a point r  and time t ,  where (.0 is  the angular frequency of 
sound waves geiierated in the surrounding medium* Hence 
both ^  and yfp sa tis fy  the reduced wave equation
(v 2 * k2V  ~ 0 ,
where k(~ u>/e) is  the wave number and c the v e lo c ity  of 
sound.
The pulsating component, can be considered to be 
mounted in an in fin ite  r ig id  b a ffle , sin.ee, by .symmetry, the
f ie ld  created is  completely unaffected by the presence o f ; 
a b a ff le .  This problem is  dealt with in sec cion 2.4.
The remainder o f - th is .chapter, deals, with the solution ■ 
•of . the,.qs033Hating<vdisc: problem, for. lo.w • frequencies5 the 
high frequency' solution’' beings cbhsriLered'in Chapter 3 . ’
In section 2.2 an in tegral equation approach is  used 
to reduce the osc illa tin g  disc problem to the solution of 
a Pre&holm in tegral equation o f the second kind,, which is  
amenable to numerical solution over , a low to medium 
.frequency range. A computer -program developed, fo r  th is 
purpose is  given in  Appendix A. , Ain 'analytic solution in 
ascending powers o f the. wave .number is  also ;x>ossible.
Quantities o f physical in terest fo r  th is problem are 
the fa r  f ie ld  amplitude and radiation impedance* These 
are defined and related to the in tegral equation solution 
in section 2 . 5 * Numerical results fo r  these quantities 
are thus obtainable and these are .tabulated-in; the ,last- 
section of the chapter. Graphs o f 'radiation-.resistance 
and reactance against b a ffle  radius are p lotted , fo r  
various values of (wave number x piston radius), and 
compared to those given by Crane* Polar diagrams show the 
fa r  f ie ld  radiation pattern*
( 2 .2) .'am ikj35Gra.Ii equasiom roe am fih to ie lt bapeied
ruu • J< « «*># i * a * ^  «* tw<, *»*-»• fc »  -4 o, n W s W K i a r ^ n n i  *»« -fia.'Vwt
■ . OSCILLATING- DISC '
Taking the osc illa tin g  piston to be o f radius na” and 
the b a ffle  o f radius —bY* cylindrica l polar-coordinates5 
( p'itfi'z) , ( p '•Yp'p , z 5 ji'arefused, with origin'' at the piston 
centre, and the z axis normal to i t s  plane; to denote the 
observation point and the' source point respectively . In 
Fig. 2» and represent the surfaces o f the piston, and 
the b a ffle  -and is  .the remainder of the plane, z- «• Oh
A2-
s , S, Sv
.is j.o
Si % 2. “  O
t
<&- tv
F ig. 2
Since the piston and b a ffle  surfaces are p e rfe c tly  3?igid, 
the normal v e lo c ity  o f the surrounding flu id  at th is 
boundary is  given by .
and
m z^O
U h = o
X2
0
0 < p < a
a < p < b
Also as the two piston faces vibrate in the same • d irection
21
we have
JZ^ Ca) , »  -
and .hence for..continuity ,.of, .across the z »  0 plane* 
beyond) the'-'baffle s •. •
' •= 0 on a - 0, p > h .» (2*2*2)
Thus the ve lo c ity  poten tia l, py, is  given by the -scalar- 
Helmholtz equation subject to the above boundary conditions* 
Two, further conditions o n ;^  are required to ensure, a imicue. 
solution? the radiation condition at in fin ity -rep resen ted . 
by .
Lira V  0 , (2.2*3)
and an edge condition given by
S^Cb) = 0 - (2 .2 .0
in order-that no energy, is  radiated by the b a ffle  edge*
We now apply Green’ s theorem to the volume V bounded by 
2>1 , -&2 s and the surface, H, of, a hemisphere at in fin ity , 
and obtain " .
Q ^
J* ( G - «• ^V^G)dYf =? J (G-^y FriT )dS! , (2*2*3)
V ' S
where both integrations are with respect to the primed 
coordinates arid .nf is  the outward drawn normal to S* ' The'.. 
Greeh5 s function, G (r,r ! ) s r;a t is fie s  the equationtH* # ^
(<72 +k2)G- = -  4ir6(r--r') (2 .2 .6 )
together with the radiation condition at in fin ity . I f  
also we choose G to sa tis fy  the condition , : ■
G n: 0 on z ■ «  0 , . (2.2
then equation (2.2*5) reduces to ,
( r )  -
since the radiation condition ensures that the in tegra l-, 
over .X is  zero, :and the in tegral over disa.pp.ears on 
account o f .equation (2 .2 .2 ).
Thus we require a solution o f (2 .2 .6 ) and (2.2*7) fo r  
Since we have chosen the time dependence factor fo r  the \ 
problem to be exp.(™imt), the corresponding free  space 
Green*s function, G ,^ is-g iven  by
iidr»»rM e ~ «
= s  “ n ' r " - r T r " "  5
to obtain outgoing waves at • large distances from the sourc 
point. The introduction .of a boundary, such as that of 
the piston and b a ff le ,  causes acoustic re flec tion s , the 
e ffe c t  o f which must be added to the wave from the source 
giving
<*(£,£') =' % (£ »£ ’.) + y ( ? . £ ! ) >'
where P represents th is  e ffe c t end can, be found using,the 
method of images described in  Morse and Feshbach C?].
As shown in  F ig. 3 ,  Vie introduce a source o f opposite 
sign at -the image point, r^, in  order to obtain the
J
SG
*1 ‘EiT
Sl +S2
condition G ~ G on z -  0.
Z  TZ.Q
S'ig. ,5
Thus we have
F ( r , r 1) «
, ik l iv - r  ’ \ e —-L —
1 Si-E1!
ik i r - r ’ ) , ik tr , -rM*1 /s /  ff \  0  *>■*• wo 0  e«jJ * tafC^-II.O ( T 1 »itW M tw tltits^yW Kiiirea tin jn *in.-4
v ‘ v“ " ’ 11—r ‘ i I 'n - i1* i s
« w i m *.* I trvp -
which gives
QG
dn
/a g\
i OzH/ z s ~0
dGk 0/ odi ■a--": 02 2.! =0
Equation (2*2.8) then becomes
i / a g \
= git J ^ ( r O  ( 3 7 1 ) dS’
S j + S g  V  , / z  = 0
(2 .2 .9 )
On d iffe ren tia tin g  witk respect to z and putting z = 0 we 
obtain
-a^Cr)-
o's z~0
J L2tc h i.OS 0 , 0  
1 2
I A ( r ' ) 5 . 4 S '
V  J f t  w 3i=Z 1 =0
; (2 .2.
which on application o f.the boundary conditions (2*2*1)' 
leads to ( c d «  Bouwkamp [8 ])
tfVH(a~p) a
*T
.6 p2 p. 4p
J (n l')Cro (:c}'r 1 )3. .n0dS ’ ,
( O O T il
O L „  «* . J,  /
where H(a~*p) is  the Heaviside nn.it function.-
We now fo llow  the method of Williams [93 in order to 
convert the above equation to an integral equation of the 
second kind. By employing the. fp],Xowing representation of
Go (Morse and Feshbach p .888)
ikl r - r 113 *«■* .
r i r r F H . .
»  Om( X p ) J . ( A p ' )
= 2(2-6 )oosm(pf-i?C) f 
;=«1 =0 m om . o  (V -k r ®
■ \ & k .
vie see that 
2k
J Gp d*> :
o
2*/ -! 
o
« J0(x p ) j „ a p' )
XdX (pv P ‘ ) sa3r«
(2/2,12)'
I t  can be shown from the Bessel function recurrence 
relations that
1 5  m2
? P
P P 9p P
+ k2)  E ^ C p rp ') =
g ^ s + r  w (pp,)m+1
fy a s ,
and hence (2.2*13_) becomes
where = TtVH(a-p) . ( p o ”|V, CL ft « .L J
Integrating- by 'parts aiid malting. use of- the' edge - condition 
(2 .2*4 )’, ‘ we obtain • /• - • •
b
rio
I ? ( p )  =  “ J p j f C p O l ^ C p s p O d p '  (2 .2 ,10
where f ( p ' )  = g v r .W j(p . ') ]  - ' (2.2.15)
and H-l ( p, p * )  ^ 2ixp p * J (X p ; «J (Xp ’ c„X 0
.. ' ■ : . • • " ' ‘ ■ • . ‘ : {(2.2.16)
The .function{.Hj may be sp lit  into rea l and imaginary parts, 
H-j ( p ,  p *  )  ~ 2 tcp p f J  C p ( X ^ + k ^ ) ^ 3  [ p * ( X ^ - i - k f ')  ^  3
supp'i !-fc j 1Cp(k2~x2) b j 1cp '(k2“ X2) b
o- (1 :^-0)
an.d use of Sonine ’ s second f in it e  in tegral on the rea l part 
gives
*2r I  ,3/2 cos k(o
(p
E e ( H .  )  =  2 i t p ' ( | ) *  f  v 5 / 2  A g & v  f  j 4 x v ? X  C p 0 > 2 ^ ?  U
1  11  o  ( p  2 - y 2 ) «  o s  1
J - . t f fcs K
A «?} t\ _Y.
( x X k r - ) 8
The above in fin ite  in tegra l is  given in Watson [10] and
hence we have
mii.i (  p , p )  . , p p i  p 3.
* 4  r £ 2 £ n L e lh -R  d
i Uj, p ' 1 J r , V W  r 2, (  p (p - ~ v c
Hp( p v Pf )
where
Hp(p, p1) a 2n;ipp* J ' J^Cp(k2-X2) fe] [ pv (k2«X2) *] »
o - (k^-X ) rj
": . : '. . . ■ . , (2.2,17)
r  . » •
Thus equation (2 .2 .14), a fte r an integration from 0 to p 
becomes . •
rh (p ) p aP * '/ ' f ( POHpCp.p1) = 4 r V  s°s.,k(.eh:v£):!
o 0 O (p^-v^)*
x . j W )  dP'W ,
V Ap- -"V ) H
• ’ (2*2.18)
Equation (2.2.18) is  now of the correct form fo r  application 
o f the conversion process described in Williams [11], which 
leads to an in tegra l equation of the second .kind of the 
form
p2 S(p) = f * (p )  -  J  s (p ') l (p ,p ')a ( i ' : (2.2.19)
- ■ • . o v. . '
b . \
where • S(p) = J  f ( p , )E1(p ,p l )dp? •• • (2. 2. 20)
•P
k ' * - .
and K (p ,p ') ■ ; . (2.2.21)
. (p ~p‘ ) a •
The kernel, L, o f (2.2* 19) is  given by
P p:
Hp(p*,,p) «  -  4 f  I f (u ,p )  [ I f  (v , ps )lj(u sv)dudv , •
■ o o
; ; . •' " (2.2.22)
* - 
and the iMibaogeiieous term, f  ,, is  defined by - \
J* £5 (p* ) l f  (p f 9 p)dp* ~ i  J F(p) pdp « (2*2.29)
o ' o . • . •
The above equation is  an in tegral equation of the f i r s t  
kind o f the type studied by Jones [123 and has the solution
.p*y\ 1 d | y- cosh k(p£*-»p ^ ) r': | A > ' j
vp/ pk do J ‘ J / 2 ” s- u v P o s
 ^ o (p  -p
‘ . ' ‘ - (2*2.24)
p1
where g (p ')  = J  F(p)pdp .
b
From equation ( 2 . 2 *1 3 ) . i t  is  seen that
s (P 1) “ 5? »p)_2E (a-p.f ) + a2H(pf- a ) ‘j
and hence in  (2.2.24)
f V(p ) ~d [sinii kp -  H(p-a)sinh k(p^-ac~)fe3 *(2.2*25)
I t  now remains to find  an expression fo r  the kernel, L* 
Two applications o f Sonine's second f in i t e .in tegral to 
equation ( 2*2 .1 7 ) resu lt in
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H, (p ' .p) = 4i S' X|(xvjl|(\w)xax JqOw. p)w3' 2 J* I^Cv-jp' )
o o
, * /?X V‘"v dvdw
and, b;y coiaparison with equation (2*2.22), i t  can -be: aeon 
that •
kp
o
I/(w,v) - -  i(vw )^^ . J1 I.n,(Xv) Ix (Xw) XdX
Hence we have
X i ( p ,  p f )  « i  ® Tt PP
s in h  k ( p - r p ? ) s  j n h  k C o ^ p )  )
_  • ( ~ p f g r y ~  r “T F ’p O
Making the substitutions, p ~ bv, p*  ^ bw and e: &* kb gives 
equation ( 2 .2*19) in dimensionless variables as
tr(v) = [sinli av -  H(v-(3)siiih a(v^-p^) K]
+ I I  U(w)
sinh oc(v-t*w)r««*wiewsS-;iTiu
V+W Y‘*X\T ClW ‘ ,
where
1 2 o !
U(v) ~ v {* f(bw )
V (w -V U
0 < y <1 , (2.2.26)
and. p = a/b .
The solution of (2.2.27) fo r £ is , from reference [12],
1 P p r.*^.0 2 d > ' tta \ cosh a(w~““V ) 8-., ~ „ ...Ifbv/. » it dv J  ^““— dw , 0 <. v < 1 ,
v (w -v  ) 2
and i t  therefore fo llow s from equation■(2#2*15) that
(bv) = -  ~  rirCw) — dw , (2.2.28)
1 n V ( w W T
Equation (2.2.26) is  a Fredliolm in tegra l equation of 
the second ,kind which can 'be solved numerically by use of 
the program, given in Appendix A0 This produces re liab le
values of U(v). over the range 0 ^ v  < 1, corresponding to 
values o f a up* to 10. Also, by expanding (2.2.26) in 
ascending powers o f a and equating coe ffic ien ts , the 
fo llow ing series solution fo r  U(v) is  obtained,
" * 1 - 2
U(v) =• ^ Cv” H(v-|3)(v2~p2)B]+^YCvhH(-V“.|3)(T2™82)2/23
+ ioc5 n  -  (1-p2) ^ 2] . + ° ( a t  , (2,2.29)
from which-numerical values fo r  <x < 1 can be obtained.
These compare w ell with-those given by the computer program 
and act as a useful check.
Thus the poten tia l ^ (b v )  is  known from equation 
(2.2.28) and substitution back into equation, (2 .2 .8 ) would 
give .©^(r) everywhere. However acoustic properties of. 
greater physical in terest than the actual • v e lo c ity  potential 
are the fa r  f ie ld  amplitude and the radiation impedance.
These are defined in the. next section end. i t  is . shown; that 
both quantities can be found d irec tly  from the integral 
equation solution, U, by a further numerical integration.
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(2*3) EAR FIELD AMPLITUDE am  PADIA'IION IMPEDANCE
The d iffrac ted  f i e ld  at in fin ity , fox' any scattering 
problem, behaves lik e  a wave diverging from a point source 
in the region- o f the scatterer. Hence in three dimensions, 
the poten tia l, jtf, is  o f the form *
ikx*
p'(r) -* f(0)
where ( r } 0) are. polar coordinates with orig in  at the centre 
o f the scattering region* The function f (0 )  is  known as 
the fa r  f ie ld  amplitude*
For the o sc illa tin g  disc problem we have from equation 
.(2.2.8),
St J A G O  { - ^ r )   ^ as
O , O "Oj *
where Go
Therefore
, ikP 
R . R =■- I r***r1 i
aartoru. !»»••*'-tv-* 
0  26 *
ikr
Z 1 5=0
ikz
r
-ikr1 cos x as x* **> co
where x is  the angle between r  and r ! , and z - r  cos 6.
Hence we find  -
A G )  -> *t I A  G ’ )e“lkr ’ °0S X dS>1 2 - Tik  cos 0
S l ,.s2 J
and the fa r f ie ld  amplitude, A ^ (0 ), Is  given by
)
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Orr
b ^
Aj_Ce> = . ~ S g i a |  ^  ( p . ) p . d p '  I  e‘"i k P ’ s in  6 008
(2. 2. 1)
0 • o
« i N A 0  O /Vj
since cos x — —■£«> m- . cos p sin 6 «.
Performing the second integration and substituting fo r  
from equation (2*2.23) leads to
i.
1 -i.r  ^ P O *•
A., ( 0 ) «  2io:b^ f U(w)dw j <J (oar siii.6) va it 0 ■ ■ j o / 2 2 \ "•'> 'O O \V7 '"-V ,)w
which by use of Sonine’ s f i r s t  f in it e  in tegral becomes.
p.! l 2 1
A-, (0 ) --- f U(w) sinh (aw cos 6) &w * (2*3.2)
o
From the power series fo r  U(w) a similar series fo r  A^  can 
be found by substituting into the above in tegra l. This 
resu lts in
Ax(0 ) i o O o O r ; .  ri q2\3/2i c o f c  ( 1 (l~82) 3/2
ru. 2 . 0 Jv 2 0 6Vb^ - 2',c 2 - 5  5
, 2(X~B2) 5/i: 1 J5 , f l  r2\5/2V a3 , A-n.}• J (X -J- ««» V .X ^ p  /  J  >yr0* n- V/ ^CX /  J  c
( 2 . 3 -3 )
•■ q ( e )
Values o f the non-dimensional amplitude, . can be
w ;-
found fo r  a l l  0 end fo r  a up to 10 by evaluating the 
in tegra l of equation (2*3*2) numerically. These resu lts 
agree with those obtained from the above series fo r  smell cm
As the vibrating disc produces sound wares in the 
surrounding medium, these waves react back onto the disc 
surfaceo A measure of the pressure thus set up is  the 
s e lf  impedance o f the piston source. The normal acoustic 
impedance, s, is  defined by the ra tio  o f the pressure at s. 
point on the disc of the surrounding flu id , to the normal ■ 
flu id  v e lo c ity  at that point., '
The xjressare, p, is  given by
p l y  * . rt /  —lW {jrp ~  a o a  rcodpe
where d is  the density o f the surrounding f lu id 0 80, fo r
the o sc illa tin g  disc, the acoustic impedance is  the ra tio
iw a q C r ')
at a point r ? on the disc.
Thus over the whole radiating piston
Z l  = _ J qCpO ds' . : (2.3..4)
Vita n
1
Substituting from equation (2*2*28) gives
*1
Sicod hJ r-^  A r/* \ cosh a(v:2-v2)^ ,
Vita c v (w"-v ) g
Z R - p Ov X
8iwd b r f»“  tiy - jV cosh a(v/ —vc“) s -  *— -/lr— l 1 U(w)aw
V7ta‘r“ o o ( w W T s~
-  rP u(w)dW rps2 iL §£ aJ^ £2 *vdV3
6 w. 0/~v2) g
vdv
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and. hence the non-dimensional impedance is  given by
Sl k 8 i r t r^r/ N f 2 o2\&
cod o I r U(w) sink. aCw^B1”) B dw VKpf £
E
-  J U(w) sinhaw dvj ] * (2*3*5)
o
Again a power series in a is  found fo r  th is quantity by 
use o f equation (2*2*29);
z-, k
tod ” Jwp"2'
[  a C i - p ^ ) 5 7-- ™ 2 -i j p2 ™ 2P2 'J a
81 r 2 r, „2s5/2 ,2 h r,2-.3/2 '-!- orA”^“pv 1. / -I- J *»>' '%*' “*■ E j.)l u - a U j r ja r x iv iiw v
12 k (3
4n2 4 n 5 l  3 + -Jp “  ig-P J a
8 [  1 »  ( l - p 2) 3/2 ]  a4 + 0 (a 5)
27k2P2
Numerical resu lts obtained from equation (2.3*5) are 
given in section 2.5 and these, together with the impedance 
fo r  the pulsating disc component, make up the to ta l 
radiation impedance of the one-sided radiator. The 
variation  of th is quantity with b a ffle  radius is  shown 
graphically and comparison made with Cran'e1 s resu lts.
(2*4) ©re PULSATING- DISC SET IN AN INFINITE BAFFLE
The v e lo c ity  poten tia l, tfo9 created by th is component 
is  given by the reduced wave equation together? with the 
fo llow ing boundary conditions.
n ,yop
r f )  •„+ = "I 0 < p <a
3 z h = c r  "  2
0 < p < a (2*4.1)
Sz ' a=0
0 p > a
Applying Green5 s theorem in the upper ha lf plane as before 
resu lts in
<*2(s) “ in I  ( Ga5^ “  ^ 2 o v ) dS ” W  J ^2HrrdS 5
•1*
where is  the surface of the in fin ite  b a ff le .  We now 
choose the Green’ s function, G, to sa tis fy
IS  - o0n ~ U -
The appropriate function can again be found using the method 
of images and thus we have
ik  1 r^ r1I ik  \ in « r 11/  f \  0  cro red 0  tvl I K» '
BB ‘ r - r 11 t r^ -r1 I o 1 5
where G^  .is the image of G in the boundary z ~ 0 as shown
33
in. Fig'. 3*
■ . Hence on z = 0, G- ~ 2G and equation ‘(2.4*2) becomes
*2<E> - -  M  s[Go(E'E’ )3Z=Z^ O dS' '» (2 .4 ,3 )
Q
1.
after, application of conditions (2*4*1)* Use of expression 
(2*2c12) leads to
p'2 ( p) -  -  |  p’dp* |  j  ( x P) j  ( x p*) •“ T T P v ?
o o [ a -k  /~
Va .*  Jl (M )J 0(Xp)
" 2
and in terms of the non-dimensional quantities, a and p, 
we have
Y a  ,°° d q  C A P )  J 0 ( X v )  ^
/ ^ ( b v )   ^ j* ~ a.,— dX * (2*4*4)
2 S (X2~ a 'U
The above in tegral has been studied by several authors and 
we make use o f these investigations in Chapter 3? where the 
asymptotic form of 0O fo r  large oc is  required* Here 
however we proceed to find the fa r  f ie ld  amplitude and 
radiation impedance fo r  the pulsating d isc .
From equation (2.4*3) v/e see that, as r  -*'«>,
y ryA , V eik l ? -ikp * sin 8 cos / , 01(J\ _ I f * / IWS mptMbrmi . I P  ‘ fl iS
2 -  4it r  ' Jo "'
°:l
and hence the fa r  f ie ld ,  Ap(0 ) v' is  given by
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v a
A-o >;p ’ I  6q (kp! sin 6) pc dpf
1 b
v- 2 J-, (ex(3 sin 0 )
v a  .L C o  /, r C
2 . ap s in  0 * U .< W ,
The radiation imp e dan ce? y as defined in .section  2*3?
i  s given by
B = .. 2 iw |  |> ^  ( p i )  as*  ( 2 . 4 . 6 )
2 Vna Jd 
bl
which from-equation (2*4.4) becomes
» 2 ~ ~  rp j  (?vT>vdv f h f f - x -  ax.a vi o v / « c .  c \ ' oo o (X -a  )
2imd b2J3 r°°
. a o X(?Z~a2)'g
Sep&rating the above In tegral into rea l and imaginary 
parts , we obtain fo r  the non-dimensional impedance
z0k  T 2ro,-...2 -v 2-.ii
h r  ”  2 a
a ■ co JpEpXVWaOn -i
L-o (ct-XU & (xh-ct2) J
The in tegra l fo r  the real, part can be evaluated by using a 
series representation fo r  the product of two.Bessel 
functions. Thio is  carried out in Tranter [133. The 
in f in ite  in tegra l fo r  the imaginary part is  given in 
Watson [3.0] and thus we have
rr V*
^2•*«
(OCL 1
°1 (2cx(3)FMWWf.Ht
ap
H-l (2a (3) 
'l  aP (2 .4 .7 )
where I!., (2ap) is  Struve's function of the f i r s t  order.
(2 .5 ) DI80IJSSX0N .OF NTjriERICAL RBSUXdv
Numerical evaluation of equation (2* 3< 2) by the method 
described in Appendix A gives the rea l and imaginary parts 
o f the amplitude A^(e) over, the whole range of- G and fo r  ex 
up to 10. Addition of expression (2 .4 .5 ) fo r  Ap(0) leads 
to the to ta l fa r  f i e ld  amplitude represented by
I A (o ) I «  {[R e(A3 (0 ) + A2(0 ) ]2 + [ImCA-j ( 0 ) ) ] 2}^  .
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The non-dimensional function JACfc)-.L is-tabulated (Tables
w -
1 - 7 )  and p lotted  in  the form of polar graphs in Figures 
(4--10) fo r  d iffe ren t values o f a end jh
The corresponding resu lts fo r  the case o f a .piston 
vibrating in an in f in ite  b a ffle  (-- 21^(0)) are also given* 
Thus the variation  of the fa r  f ie ld  pattern with increasing 
b a ffle  size end frequency is  shown. We see that fo r  la rger 
values of [3, i . e .  smaller b a ffle s , the maxima become more 
concentrated in the forward d irection , G a 0. This e ffe c t  
o f increased d ir e c t iv ity  is  also observed with increasing . 
frequency.
We compare these resu lts with those obtained by
O O
DeVore et a l. [4 ], where the function Ea^A(O)] is  given
fo r  a ~ 3*0 over the range of (3 from 0 to l.O* Table 8
shows th is  comparison together with percentage discrepancies.
With regard to the radiation impedance, the two
in tegrals o f equation (2.3*5) are solved numerically, and
addition of equations (2*3*5) and (2.4*7) gives the uotai
non-dimensional impedance fo r  the one-sided o sc illa to r ,
\ 1c(s-^  + Zp) o The rea l part of th is quantity is  known as
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the resistance and the imaginary part as the reactance•
For d irect comparison with Crane’ s results Cl3, we present
Xr- , Z T 'I* 'Z p.
the numerical resu lts for-the- quantity (—y ——) y.for.
various values o f ka (« c:p), in  Tables (9 -  I p ) , and the 
variation  with b a ffle  radius is  shown in Figures. (11- IB) * 
The values fo r  ex greater than 10 are founc. using the high 
f r e q u e n c y  approach described in the follow ing chapter, but 
we include them here to show the agreement and continuity 
o f the resu lts in the medium frequency range.
The graphs of impedance against b/a show osc illa tion s  
about the corresponding in fin ite  b a ffle  solution which 
decay in amplitude vnth increasing b a ffle  radius. Over 
the whole range o f lea, the f i r s t  peaks o f both resistance 
and reactance curves occur at lower values o f b a ffle  radius 
than those given in [1 ], but Intervals between successive 
maxima are again h a lf a wavelength* Thus there is  a 
s ligh t phase d ifference between the two sets o f graphs*
The maxima given here reach considerably higher values than 
those obtained by Crane, the f i r s t  being greater by up to 
20/ and subsequent maxima exceeding Crane’ s by between 2$ 
and 90/0 * These d ifferences are shown in Table 14*
The excesses o f maximum resistance and reactance above 
the corresponding in fin ite  b a ffle  values are tabulated 
(Table 15) fo r  several ka values* Again i t  is  seen that, 
the resistance excess decreases and reactance excess 
increases, vrith. increasing ka*
We also compare our resu lts with those given in [4] 
fo r  a - 3*0 and good agreement is  found (Table 16) 
particu larly  fo r  the res is t iv e  component* Finally., Table
17 shows the resu lts fo r  the uabaffled condition, {3 ~ l v 
fo r  the. range 0*2 ^ a ^  1*0, which agree with those obtained 
by Banish I6J to v?ithin 0«1%*
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T A B L E 1
3?ar f ie ld  amplitude values fo r  a ~ 1, (3 ~ 0*5
e E e  (A .. + A 0 )  
-L
:< 1 0 * " 1
J m (A ^ )  
X 1 0 " 1
I A !
X i c f 1
. a V-: V' it? <*» «•.*
2 A 2
' . 1 
X 10
0 0 . 6 6 2 1 0 , 4 6 0 0 0 , 3 0 6 2 1 * 2 5 0 0
•11/ I 8 0 . 6 6 0 8 0 . 4 5 2 0 0 * 8 0 0 6 1 , 2 4 3 8
u A 9 0 . 6 5 7 1 0 , 4 2 8 5 0 * 7 8 4 5 1 , 2 4 5 4
, ic / 6 0 . 6 3 1 4 0 , 3 9 1 1 0 . 7 5 9 8 1 , 2 4 0 2
2 i t/9 0 * 6 4 4 3 0  * 3 4 1 9 r\ 17v/. { c . y z 1 , 2 3 3 8
5n A 8 0 . 6 3 6 0 0 . 2 8 3 2 0 , 6 9 6 2 1 , 2 2 7 2
tc/3  • 0 . 6 2 7 7 0 , 2 1 7 7 0 . 6 6 4 4 1 . 2 2 0 8
7 ^ A 8 0 . 6 1 9 5 0 . 1 4 7 4 0 , 6 3 6 8 1 . 2 1 5 8
4 u /9 0 * 6 1 2 0 0 . 0 7 4 4 0 . 6 1 6 4 1 , 2 X 2 4
n /2 0 . 6 0 5 7 0 . 0 0 0 0 0 . 6 0 5 7 1 . 2 1 0 2
5 i t/9 0 , 6 0 0 4 0 , 0 7 4 4 0 , 6 0 5 0
1 1 tc/18 0 • 5 9 6 3 0 , 1 4 7 4 0 . 6 1 4 2
2)[/3 0 . 5 9 3 5 0 . 2 1 7 7 0 , 6 3 2 0
3 .3 7 c A S 0 . 5 9 1 1 0 , 2 8 3 2 0 . 6 5 5 4
7u /9 0 * 5 8 9 7 0 . 3 4 1 9 0 . 6 8 1 6
5 i t/6 0 . 5 8 8 8 0 * 3 9 1 1 0 , 7 0 6 8
Sic A 0 . 5 8 8 3 0 . 4 2 8 5 0 . 7 2 7 8
1 7 t c A 8 0 , 5 8 8 0 O . 4 5 2 O 0 * 7 4 1 6
i t 0 . 5 8 7 9 0 , 4 6 0 0 0 . 7 4 6 4
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T A B L  E 2
Par f ie ld  amplitude values fo r  a = 5# (3 ~ 0*2
0 Re (A-^  -iA.q ) 
X 10"'“2
Jm (A^ )
— ^  R,a 7x 10
I A!
x ic r 2
2Ap
x io “':
. itX fir V»w -n u
0 l.? l6 5 1.39 31 2.210 2.000
- k/18 1*8076 1.1540 2.145 1.992
k/9 2* 0035 0.5658 2.079 1 .9 71
tc/6 2.1437 . 0.0850 2.146 1.938
2tc/9 2*1189 0.5509 2.189 1.898
5k/18 1.9324 0.7408 2.069 1.856
tc/5 1.6586 0.6978 1.800 1.818
7k/18 1 * 3728 ■ 0 0 53.43 1.466 1.78?
4k/9 1.1131- 0.2674 1.397 1.76 7
tc/2 0*8801 0.0000 0.880 1.760
5^/9 0.6541 0.2674 1.068
H tcA S 0.4144 0.5143 0.657
6tc/9 0.1596 0.6978 0.716
13k/18 0.0756 0.7408 0.745 •
7tcA3 0,2205 0.5509 0.593
5k/6 0.2055 0.0850 0.221
8-k/3 0.C347 0.5658 0.557
17K/18 0.1847 1.1540 1.168
U' 0.2834 ■1.3931, 1.421
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T A B‘- L E 3 :
Far f ie ld  amplitude values fo r a - '5V |3 s 0,5
0 Ke(A^+A0)
x i c r 1
Im(Aa ) 
X 10 2
I A!* /
>< id "1
—
X 10-
0 1,233 ■ 0.400 1 .3 1 5 1.250
tc/1 8 1 o 236 0,329 1,278 1,223
TC/9 1.178 0,155 1.188 1.140
u/6 1,0 70 • 0 ,0 33 1,0 70 1.021
2n/9 0,917 -• 0.160 0,931 0,888
5te/1 8 0,733 0.205 0.761 0.758
«/5 0*576 0.185 0.605 0,647
7%AS 0 , 436 0.132 0.456 0 0 564
4n/9 0,329 0,067 0.336 0,514
n/2 0,248 0,000 0,248 0.497
5tc/9 0.183 0.067 O.197
XItu/1 8 0,128 0,132 0.184
6m/9 0.071 0.185 0,198
13^/18 0.013 0.205 0.205 -
7tu/9 0,029 0,160 0.163
5n/6 . 0* 043 . O.O33 0.059
8n/9 0.039 0,155 0.062
1 7%/lQ GoO'J 6 0.329 0.330
Yu 0.003 0.400 0.400
T A B L E 4
Far f ie ld  ampli,tude values fo r a  -  3 5 (3 ~ 0.0
e .. Re(A^+Ag) Ira(A^) I A! O A cj i p
X 10"'1 X I 0r~a X 10 x X 10~:
0 3*407 0.193 3*413 3 0 200
ru/18 3*173 0.164 3.309 3.010
qx/9 2.56 7 0.087 2.368 2,306
tc/6 , 10 806 0.002 1.811 1.843
2/c/9 X.10;! . 0.070 1.106 .1,191
5u/18 0*378 0*103 0.337 0.637
• 7U/3 0*243 0.102 0.263 0 0 281
71X/18 • 0*038 O0O77 c.093 0.030
4'jx/9 0*027 .0.041 0.093 0.068
tt/2 • 0.033 0.000 o. 053 0,106
5ix/9 ' 0. 042 . 0.041 0.038
1171/18 O.uCS 0.077 0.077
2tc/3 Oc 004 0.102 0.102
I 371/I8 0*080 0.103 0.130
771/9 0.088 0.070 0.110
5jc/6 0*039 0.002 0,039
8tc/9 0.039 0.087 0.105
17rt/l8 0, L63 0.164 0.232
71 0*207 0.193 0.284
T A B L E  5
Far f ie ld  .amplitode values for rx *.a 8, p =* 0,2
6 Be (A., -i-A, ) -L r Im(A-, ) I A! 2A„C\
X 10“'J- X 10"1' X 10"“ x 10"
0 0..150. 0.102 2.15 2,00
k/18 0.181 Oe 056 1.89 1.98
n/9 0*179 0.024 1.81 1.92
n/6 0 * 181 0.051 1.88 1 v 84
FiCVJ . 0.188 0.015 1.88 1.74
5n/18 0*179 0.03*1 1.82 1.64
71/5 0.154 0.052 1.62 1.56
?n/18 0.121 0.046 ■ 1.29 1148
4n/9 0.094 ■0.025 0.97 1.44
tc/2 0.071 0.000 0.71 1.42
5k/9 0.030 0.025 0.39
11k/18 Qv 027 0,046 O.30
2k/3 0.003 0,052 0.52
ISk/J-8 0.014 0.031 0*35
7k/9 0.014 0,015 0.20
5k/6 0,003 0.051 0,51 .
8k/9 0,018 0,024, 0,30
3.7k/I8 0.017 0,056 0.57
K 0.010 0.102 • 1,01
T A B 1 E 6
■Ear f ie ld  amplitude values fo r a  ~ 8 y (3 «  Go5
e ’ EeC^+A^)
X  10 -
. ' i J n ( A ^ )  
X  lO" 1
S A l
x io " 1 X  10“
0 1.214 0.048 1.215 1.250
•jt/18 1 * 161 0.030 1 .1 7 0 1.176
n /9 0.997 0,004 0,997 0.980
i x / S o. 740 0.020 0.741 0,720
2 t i / 9 0.464 0,010 0.464 0.465
57t/X8 0*240 0.010 0.240 0.257
t x / 3 0,097 0.023 0,099 OcllO
7 t x / 1 8 0.021 0.024 O.032 0,020
4 tu/ 9 0.012 0.014 0.018 0,027
l t / 2 0.021 0 . 0 0 0 0, 021 0,041
571/9 0.015 0,014 0.021
I I t x / 1 8 0 . O 0 1 0^024 0.024
2 t x / 3 0.013 0.023 0.027 -
1 3 7 C / 1 8 0 .0 17 0 . 0 1 0 0 .0 17
7'ix/9 0,002 0.010 0 . 0 2 2
5 tc/ 6 0*020 0 . 0 2 0 0.028
8 tx7 9 0 ,0 1 7 0.004 0 .017
1 7 txA S 0,015 O.O3O 0.033
TT, 0  c 0 3 6 0.048 0 : 0 6 0
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T A B L E ' 7
Far f ie ld  amplitude values fo r  a 8 , p. «. 0.8
e . • X3e(Aa -i-Ap) Im(A:i) i AS 2A0ci
____________ • x 10“
0 0,334 0 , 0.1 0.334 3,20
CO .0,281 0.004 0.281 2.73
m:/9 0,162 . 0.004 0,162 1 *j 63
m/6 0,047 0.006 0 .0A>7 0.52
2:c/9 0.019 0.001 0.019 0 .1 7
57C/18 0,039 0.004 0.039 0,41
n/G 0.034 ' 0,005 0,035 0,39
7tc/18 0.023 0,003 0.023 0.29
4tc/9 0.014 0.002 0,0.14 0.21
rc/2 0.009 0,000 • 0.009 0,18
5n/9 0,007 0.002 . 0,006 »
l in /1 8 0.006 0,003 0.006
2k/3 0.006 0.005 0 .C07
13n/i8 0.002 0.004 0.004
7'^ /9 0.003 0.001 0,003
5n/6 0 v 005 0.006 0.008
8tc/9 0,001 0.004 0.G04
17 k/i8 0.009 0,004 0,010
1C 0.014 0 .0 1 0 ,0 17
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. Far f ie ld  amplitude in d irection  0 0, fo r  a -- 3*0
j3 ReLA^+ApJ Tm[A^  ] a 'iA d - % d ifference with
X  ICT1 X  IQ"1 resu lts from [4]
T A B L E S
0.1 0.0826 ■0.0014 0,5524 x l0 '“2 0.1
0.2 0,3260 0,0072 0.0859 0.0
0 .3 0.7174 0,0208 O.413I 0.8
0.4 1,2367 0.0472 1.241? 0,2
0,5 1.8380 0.0920 2,8026 0.1
0.6 ' 2.55H 0.1595 5.2974 0,2
0.? 3*283 0.2514 8.772 0.0
0.8 4.072 0,364. 13*211 0 .15
0,9 4.732 0.4-8 18,322 0,2
l-.o 5*354 CL57 23,4-8' 0.0.
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9? A B L S 9 
ka - 0 . 2
Radiation Impedance Radiation Impedance
oc Real Imago rv Real Imag.
0*200 . 0099 .1267 2,600 »O23.I ,1655
0.250 .0100 .1405 2,700 .0224 6 165-1
0,333 .0101 .1525 2 * 800 .0216 . 1649
0 .364 . 0 1 0 1 . ol550 .2.900 * 0209 »1648
Oc 400 .0101 .1544 3.000 0203 .1649
0*444- .0102 .1562 3,100 . 0198 , 16.50
0.500 .0103 .1589 3.200 0 0193 . 1652.
0.571 .0104 .1612 ,3,300 . 0189 .1655
0.66? . 0106 01639 3.400 .0186 .1658
0.800 .0110 . 1669 3.500 .0183 .1661
0.909 .0114 .1685 3.600 .0181 .1665
1.000 ,0119 .1707 2*700 .. 0179 ' .1668
1.111 .0126 .1718 3.800 .0178 .3 672
1.250 .0137 .1739 3*900. . 0176 .1676
1.429 .0157 ,1762 4.000 . 0176 . 1680
1.666 .0191 ' .1780
2.000 . 0244 .1731
2.200 .0250 .1701
2.500 .0237 .1661
V
In fin ite b a ffle  value s: rea l part - .0199
imag, part * .1679
T A B B E 10
ka - 0*5
Radiation Impedance Radi at i  on Imp e dsn.c e
a Real Image.. ot - Real Imag,
0.500 ,0609 3 0 3099 8.000 ,1218 ,4046
0.625 .0602 . 3494 8.250 .1254 ,4023
1.000 , 0707 .4012 8.500 .1272 .3986.
1.250 .0814 .4198 8,750 .1266. ,3949
1.429 ,0932 ,4314 9.000 .1244 .3936
1,538 .1022 ,4364 9.250 .1215 .3910
1.818 . .1287 ,4378 9 .500 ,1187 ,3918
2.000 .1428 .4285 9.750 .1165 . .3926
2*222 .1500 .4114
2,500 .1445 . 3941
2.778 .1330 ,3850
3*125 .1202 .3853 .
3.333 . 1145 • 3908
3*571 .1099 .3934
4.000 ,1067 .3972
4.167 ‘ .1073 .4025
4.500 .1128 .4087
5.000 .1268 .4081
5.500 .1324 • 3960
6.000 *1241 .3883 • * .
6.500 .1162 .3897. .
-0 * Q 0 0 .1124 .3953
7.500 .1132 • .4023
In fin ite b a ffle  values? . rea l ■ .part... .
.
■1 109
imag . pact , 3969
Radiation. Imp e-dance • Radiation Impedat?lc e
a Real Ira'ag« a Real Irnag.
1.000 ,232.2 , 580? 9,500 .4-194 .6289
1.250 .2701 ; ,6944 10,000 .4074 0 6390
1.429 , .DIO? .7250 10.§00 ,4073 .6554
1 ,66? . 3848 .7820 11.000 .4224 , 6654
2*000 ,4-909 ,7518 .11*500 ,4388 ,6562
2 c 222 c 5214 ,6882 12.000 •4377 <638?
2.500 ,5081 ,6297 12,500 * 424-2 . 6321.
2,850 • 4605 *5953 13,000 , .4-129 • 6369
3*333 .4083 ,6029 13,500 .4098 * 64-99
3.606 . 388 7 ,6218 14.000 ,4-186 , 66O3
4.000 .3794 .6510 14.500 >-4-332 .6575
4.444 , 3926, .6870 15.000 .4-365 . . 6440
5.000 • 4425 .6971 15,500 .4274 . 6354
5 * 556 .4613 .6502 16,000 .4170 .6375
5.714 .4558 «6445 16,500 .4-122 .6464
6.250 .4254 ,6278 17,000 .4-166 * 6562
6.667 ,4068 .6420 17*500 .4281 .6575
7*143 .3981 .6590 18.000 • 4346 ,6478
8,000 .4-231 .692? 18.500 .4294 .6384
8.333 .4400 .6780 19.000 .4202 .6372
9.000 1 .4382 .6310
•v i u h  «vvv*r,-f-
In fin ite 'baffle values * rea l part 
irnag.. part
«  .4233 
«  .6468
'
T A B L E  12 
ka a 1#5
. ' Radiation Impedance Radiation Impedance
a Real
w<wr*» trv*W*vt*>3£/&xti t»^a*t=5asr,^*>J'ji«».^
Imag 0 a Real Imag.
1.500 .5287 *7949 14.250 • 7783 ..7029
. 1.875 • 7736 .9056 15,000 .7952 .6756
2.14-3 ,9038 .8228 . I 5 .75O .77-16 .6616
2*500 .8892 .6721 16.500 .7562 .6794
3.00C ,8178 *5925 17.2 50 .7720 .6989
3*533 *7591 .6008 18.000 .7921 ,6817
3*750 .7-142 • 6410 ; 18.750 *7763 ,6643
4*275 .7032 .7130 19,500 .7596 ,6756
4-o 615 *7398 .7504 20.250 , 7679 ,694-7
5,000 ,8002 *754-7 21.000 .7884 .6859
5,409 *8379 . .6990 21,750 . 7798 .6073
6.000 .8039 .6473 22.500 .7630 .6731
6.667 *7495 .657P .23.250 .7655 *6906
7*500 *7393 *7156 24.000 .7846 * 6888
8,250 .8035 .7092 24.750 .7822 .6706
9,000 .7978 .654-7 25.500 «7663 .6716.
9*750 .7561 .6572 26.250 .7643 .6868
10.500 • 7483 .6939 27.000 . 7807 .6902
11*250 .7880 .7065 27.750 • 7835 .6740
12.000 • 7973 .6670 . 28.500 .7693 .6709
12.750 .7652 .6593 29.250 .7652 . 6835
13*500 *7523 .6851 3O.OOO ;.7 7 7 0« * l.’xmtct. «C.T>vfc »:*> ■*: jr . * 6905
In fin ite b a ffle  value s: rea l part - .7740
imag*--part -• .6801 j
3
T A B  BE  13
ka a 2*0
Radiation. Impedance Radi at ion Trap edont■;e .
a real Imag. a Real Imag.
2.000 0*9274- . ?679 10.000 1< 0056 >5215.
2.222 1,139 0 .7115 11.000 1,0315 . 5670
2.500 1.1912 . 5768 ‘ 12* 000 1.0579 ,5209
2*858 1.1357 .4693 13,000 1.0151 .5195
3*333 1 «0359 ,44-50 14-. 000 lo 024-9 ,5582
34-148 1,0164 .4-502 15.000 1,0556 , 5301
3.571 .0,9983 .4598 160000 1.0221 , *5189
3 , 704-. 0.9822 *4-733 17,000 1.0214 « 5910
4,000 0*9596 .5133 18,000 1 * 0524- ,5366
4.166 0.9559 * 5374 19*000 1.0276 .5193
4-. 444- 0.-9678 .5811 20,000 1.0200 . 5451
4.762 1.0093 .6132 21,000 1.0485. .5412
5,000 1.0521 ' .615? ■22.000 ' 1,0321 . 5205
5*555 1.1002 *54-33 23.000 1.0199 ,  5403
5*714 1*0938 *  5236 24.000 1.044-3 .  5442
6.250 1.04-98 .4909 25.000 1.0357 •  5223
6.667 1 . 0101 .5034 26.000 1 , 0 2 0 7 . .  5363
7*143 0.9898 *5349 27.000 1 , 04-01 -5457
8.000 1.0234- .  5849 28.000 1.0386 .  524-6
8.333 1.0559 -5737 29.000- 1.0222 *  5333
9.000 1,0586 .  50?8 30.000 . .1.0 36 3 .5460
In fin ite b a ff1 e values 1 1V rea l part * -  
mag. part • -
I.O 33O
0,5349
,  « « a » w s ~ r a f r . » - . » v - t - . t  y  « ; - -  <1_ _ r - -  r r r 1 -  r - n t f  T r r ^ r n  j - c t i t r
T A B L E  3.4
Excess of successive peaks over those given by Crane E li
ka I  st maximum 2nd maximum 3^d maximum
Eesist- React- Resist- React-- Resist-- React
an co /w ance / ance °/u anc 0 /j ance % ance
0,2 19 4 •CJt» **9 +*» - 4
0*5 18 6
0
8 2*5 5 2
1.0 14 12 7 6 3 6
1.5 13 20 6 9 3 4
I A B L  E 15
ka Excess o f maximum Excess o f maximum
resistance over 3?eactance over
in fin ite  b a ffle  value9 % in fin ite  b a ffle  value, %
0.2 25 7
0.5 ' 25 10
1.0 24 20
1.5 17 34
2.0 15 47
T A 33 L E 16
Comparison with resu lts obtained by DeVore et a l * [4]
Radiation Impedance fo r  a = 5*0
T Resistance % difference 
with [4j
Reactanc e .. c/o di.f.f ere 
witli [4
0 .1 0,0459 0.00 0.2590 20,0
0,2 0,1760 0,05 0,4420 2 ,0
0 . 3 0 o 3680 0,20 0.5674 2 ,0
0.4 0,5942 0 ,03 0,615-1 0 ,0
0,5 0,8176 0 ,03 0,5916 0 ,0
0 ,6 1,0600 5*00 0*4775 6 ,0
0.7 ■1.1407 0 ,10 0,4162 1,5
o CO 1,2045 0.00 0.3-182 1,5
0.9 1.1969 0.08 0.2429 - 0 ,0
x.o 1 .1 1 7 0 0,00 0.1927 0.0
T A B L E 1?
Radiation impedonee fo r  the unbaffled condition, (3 = 1 
ka Resistance Reactance
0,2 0.0099 0.1267
0.3 0.0223 0,1891
0.4 0,0393 0.2503
0.5 0.0609 0,3099
0.6 0,0869 0.3679
0.7 0,1171 0.4240
0.8 0.1514 0,4-782
0,9 * 0.1896 0,5304
1.0 0,2322 0.5807
„A
/
/
/
V
„WJ Finite b a ffle  solution
In fin ite  ba ffle  solu ti
Far Field Amplitude ? I A(8>)1
X
X
X
\
/
/
jTL
\
\
\
\
- ~ Y '
fo r  oC = 1, / 3 -
! * O
0,5
0 - 0
57
FIG, 5
V
Fini te b a ffle  s olu tio a
in fin ite  b a ffle  solution
Far Field Amplitude, j
59
60
i'6 Iq '"~
Finite b a ffle  solution
  In fin ite  b a ffle  solution
Far Field Amplitude,
v
fo r  o i  = 8, &  = 0.2-
MG. 8

62
Far F ie ld  Amplitude, \ ] , fo r  c>( rr. 8, A  ~ 0,8
V  l /  .
FIG-, 10
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FIG. 12
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Radiation  Impedance vs, b/a fo r  ka -  1„0
FIG. 1.3
66
Radiation .Impedance vs. d/a fo r  ka -  1 05
FIG. 14-
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0 H A P T E & T H R E E
SOLUTION OF THE BAFFLE PROBLEM
FOR HIGH PREQUENOIES
As shown in Chapter 2, fa r  f ie ld  amplitude and radiation 
impedance results fo r  the o sc illa tin g  disc component are 
obtainable fo r  values of a (~ wave number x b a ffle  radius) 
up to 10. Thus fo r  higher frequencies and larger b a ffles  
we require an. a lternative method of solution, which w il l  lead 
to an expansion of the potentia l in inverse powers of ou
Xu th is chapter.; three separate methods are employed.
The f i r s t  is  an in tegral equation technique which was 
developed by Jones [13 and applied to the problem of 
d iffra c tion  of an incident plane wave by a sound—hard disc, 
Jones reduces tho problem to the solution o f an in tegral 
equation o f the second kind, which is  shown to be especia lly  
suitable fo r  solution by ite ra tion  at high frequencies. 
However, d i f f ic u lt ie s  are encountered in applying th is method 
to more general incident f ie ld s  as is  described in Williams 
[23. In Jones’ in tegral equation derivation, certain 
substitutions are required appropriate to the incident f ie ld  
considered, and these are not obvious fo r  cooes other than 
that of the plane wave. To overcome th is  Williams has 
developed a general process which determines this 
substitution fo r  any f ie ld  and leads to an in tegral equation 
o f the same form as that obtained by Jones. This method is  
■ applied to the o sc illa tin g  disc problem in section 3*3<» and 
the solution found.by Jones’ ite ra tion  scheme.
Theoretically i t  is  possible to obtain any.number o f terms 
of the asymptotic expansion fo r  either fa r  f ie ld  amplitude 
or radiation impedance, but the analysis becomes increasingly 
formidable.
7 1
Hie second method# given in section 3*4# is  based on 
a report by Levine and Wu [ 3 ] on d iffra c tion  of a p i fine 
wave by an aperture at high frequencies• They derive an 
in tegral equation of the f i r s t  kind which is  made amenable 
to solution by a Wiener-Hopf technique# by certain 
approximations to the kernel,-. This method is  aoplied 
d ire c tly  to the osc illa tin g  disc problem and the f i r s t  two 
terms of the fa r f ie ld  and impedance expansions are obtained 
r e la t iv e ly  easily* Again higher order terms are more 
complicated*
In order to determine the complete solution fo r  the 
one-sided disc radiator# we also require# from the super­
position  principle# the in fin ite  b a ffle  potential# A,# given 
in  section 2,4,. For high frequencies the asymptotic form 
o f the integral o f equation (2,4*4) is  needed, aid th is is  
calculated in the next section of th is chapter*
In contrast to the two in tegral equation approaches 
described above, a method based on the geometrical optics 
theory of wa,re propagation is  given in the la s t section of 
th is  chapter. This theory has been extended by Keller [4 ] 
to include the phenomenon of d iffra c tion  by introducing 
so-called d iffrac ted  "rays", in accordance with his law of 
d iffra c tion . To apply th is to the to ta l one-sided disc 
o sc illa to r  problem ( i . e .  without use o f the superposition 
p r in c ip le ), we consider the piston to be producing sound 
waves in a l l  d irections in the upper h a lf plane, and those 
incident "rays" which trave l along the disc surface undergo 
d iffra c tion  at the b a ffle  edge and give r is e  to d iffracted  
rays. K eller re la tes  the f ie ld  at a point on a d iffracted
ray to the incident f ie ld  at 'the point of d iffra c tion  by 
means of a d iffra c tion  coeffic ien t;- the appropriate 
co e ffic ien t fo r  th is  problem being derived in  [4-3. In 
th is way an expression fo r  the f ie ld  due to single 
d iffra c tion  is  obtained, Higher order terms can.be found 
by taking account o f doubly’ and m ultiply d iffrac ted  rays; 
that is  those which, a fter one d iffra c tion  at the edge, 
trave l back along the b a ffle  surface, Thus expansions 
fo r  the fa r  f ie ld  and 'impedance are obtained considerably 
more eas ily  than by the previous two methods.
However, i t  transpires that only the f i r s t  term, agree 
with the previous results; the remaining terms forming 
only one of a group of terms found fo r  each order by the 
other methods. This discrepancy was also found by Levine 
and Wu fo r  the aperture problem and i t  appears that the 
’’ray" theory does not account fu l ly  fo r  higher order 
contributions due to single and multiple d iffrac tion s ,
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(3*2) THE ASWTOTIC FOBM OF THE INFINITE BAFFLE POTENTIAL
To find  the contribution of the pulsating disc 
component at high frequencies we require an asymptotic 
expansion fo r  large a o f .the in tegral given .in  equation 
(2.4V+), namely
00 (Ap) J (Av)D P •*- ®
1 *1 r-K 2 2vpo (A -a ) 8
This .integral has been sim plified  by Oberhe11inger [ 5 ] to 
the form
1 v f  iotX ,n - l/ X 2+v2- f 2 
n v-(5 "  ^ 2m
5
0 ./V
fo r  the case v > P .
Thus employing th is s im plification  and integrating by parts 
leads to the equation
iaA _n A 2 ,.w2__d2\“1 v+^
v ~ p
/0(bv) = lFb e -  . a P 1 [ lT a “ 0 8 \ 2VA'
0iaA r 1 (v  ~B ) 1o ,Yq v+ p e 2v “
J. T7T"TT? 7."? y~3TpTS  ^
A 2
_  _ t     gyTvh_ ^
S t f“  h p  c (2 v i)2 t  ( x X L y p i ®
%  U A  . eiaX(X2»v 2*02,) dX
2n±a  v_p ^ [A*vh-P) (A-:-v« p) (A~*v*p) (v+ p^A) J ^
( 3*2. 1)
Making the substitutions, x-j -- v-P and x^ ~ v+p» we obtain
j^pCbv) ~ -  r ela ^(X~x^) B (xp-X) B g(?OdX ,
" ' ' xx
(3*2*2)
X -XnX0 • 
where g(X) = 0
X (X ^ x - j )  B ( X + X p )  s
The in tegral in  equation (3 ,2 ,2 ) is  now of the form 
considered by Copson [6 ], where i t s  asymptotic series fo r  
large a is  given by use of Van der Corput{ s neutralises* as
Evaluation of the f i r s t  few terms and re-"substitution fo r  
x-^  and Xp lead to
75
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For the case v »  p the above expansion approximates to
<f>2 (b v ) Vb8#e10CI-r
ik
iap-7ci/4 - i a  p*Td;/4
2ia v (2n:a) 8
3i r io:p-Tci/4 , ~iap+rci/4 i orn l e *r e j
Vb Bexav
2txv 1J-, (ap) ' fo r  v > .1 , p «  1 c ( 3 -2 c 5)
- We note here that the above form of / 0 corresponds to 
a time dependence factor o f oxp(-io)t)* and the expression 
fo r  a fa c t ore of exp(imt) 'would be
Vbp ~iov T f ,n\ 
“  2av u Jl (o-6)
Y/e shall make use of these forms in the fo llow ing sections 
o f th is chapteio
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(3-3) .JONES/ INTEGRAL EQUATION METHOD
We begin here by normalising a l l  lengths with respect 
to the b a ffle  radius, b, so that the b a ffle  l ie s  in the 
region, z ~ 0, p < p < 1, and the osc illa tin g  piston in 
0 < p < p. The reduced wave equation then becomes
(v2 + cx2V  - 0-'
in  Chapter 2, section 2,1, we chose the time dependence 
fo r  the problem to be exp. ( - iw t ) ; had we used exp .(iw t) the 
corresponding lesu its  would be simply the conjugate of those 
we obtained, So fo r  the convenience of d irect comparison 
with Jones' paper [1 ], upon which th is method is  based, we 
change our time dependence to agree with his factor of 
exp .(iw t) and the corresponding free  space Green's function 
is  then given by
x- y~iair~r' I
Go ( r 5r 1) s. —  > fo r  outgoing waves.
Referring back to the low grequency treatment of th is  
problem, we have iron equations (2,2.10) and (2 .2 .1 )
V
o’ H(P-p) = J P g r ' )  ( ^ )  ,,„n 1 (3 *?*1)z=0
and by p rec ise ly  the same steps as carried out■ in Chapter 2 
we arrive at the equation
p ) {(( ,/.a /)\/ , ,?4 J.,. i- r  f ,• r .K  A  . a h  i "1
x i ^ y -i-rjo  v - w  c U
where f (p )  = .
S light re-arrangement of ( 3 . 3 .2 ) results in
(3*3-2)
I
I
“M> J ^ F, 
‘ ‘ '1? # U T
VT CCS ci £ ) '  A t  | M  G a s  q f g ' V ) ^
I f - W  J d f '  { f * ~ < T a *
f
,  , 2. •!/„ r  n/»1 / wi \ ,« ‘a | > rr (h i 1 h, 1 V)
0‘
0  <  p <  1
3 "A  i v*l' )ft A
( 3 . 3 . 3 )
which is  n.ow of the form
e ( p )  = 2 a
0 2n%
n  d p
p „ /^ 'v cos a(pr~'™t" ) 53 .j.I L) S \ E) / Cl*U-S r .  r  \  > T  J( P^ t 2)^
which has the solution (Jones [ 7 ] )
79,
( P) = f  s ( t )  2 2 s L « C e |^ 2 * dt 0 < p < 1 *
Thus we obtain from equation (3*3*3)
P  I  1(i_ S . n  \  . 1 i r \ x  'u_ f \ „/ - _ . t  \>* 'A  l >
i- i g j c c m c u o - c  / ac “ p s d ^ ,  cosoy p ~ p j  csp‘
I  ( f ~ t V  T F ' - ? 7 %
o{ w
M  f  4 * ( j y a U A p ) \ ] i  f y f e c ~ x A ]  X  d x  <■
(3*3*4)
Applying an integration by parts with respect to pf , to the 
second term on the r igh t band side results in
P ,
1 \ b I ( t ) c o s k  d i f - t xY ' 4 t  =  ( M l  c o s c ? (  ( A A ) 4 ( ! p '
r i  i f - r - y k  p K ip ' 1
-  f & f  X  $  ( p  f '  4 p '  j  \ < t y )  X  [ f ' ( f - x P 3  f i x .
o
( 3 . 3 . 5 )
by use of the edge condition, A ^ (l) ~ 0, given In Chapter 2 
( equation (2.2.4-) ) • •
The in tegral with respect to X is  now of the form of 
Sonine’ s second f in it e  in tegra l and is  equal to
,2 _2<
( i  ) 1 3 /2  3 5/ 2[h p' j i  p ■*a]
U  p ;  a  — T ' T ^  ““ p T 3 7 4 T ’ “ ’’" * 
[ p *  r  p J
Using the re la tion , given in Watson 1 p] s
1 jd, 
z dz
W a >
V-KL
th is expression, becomes
L is ) I ,  ( £ f  a f is fe  A -  "Ip1 \ r j  dp1 , ,2  2v%1  ^ L  C p ~ p  . - j
aid lienee in equation (3*3*9) wo have
|  f W )  s a &  « !L e != ^ ia t  .  f1 - 4  ap.-
P o ( p 2 - t 2 ) »  p Q P ( p , 2 - p 2 ) ' g
+ ij / ( p ') g~rj
o ■ dP L  (o '^~a2) *(p ' -pO
d p !
Integration*by parts and another application o f the edge: 
condition to the second term leads to
4 d6  cos a (o ,2-o2)*  ,p ■ X ip- ~*n x-\ ,/ sin a(-p ')
%  W  ( 7 W  "  l (  T f f
1 dd. p 2y|. P ' 1  s i n  a C q ’j p V " )  
Jo d{?~ VpSJpSyS
2 , 2\%
4. r f ( t ) t  . (v. x
p o (p2- t 2d ‘ -
Following Jones [1] we change the variables by putting
X x
p’ ~ t s, p - z 8 which gives
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1 ( t 8)
Jo t '2
■ia(t-s) 
( t —z ) 2
dt
O ( t - z F
2 i A  (o )  S £ A * 4 r > I  = 4 . rz t ( t b  d t
( - z ) 8 z13 ‘o (z «t )*8
/  —/ ~s> n  \/V
We now multiply both sides of the above equation by 
±
COq A'  ^ t
and integrate with respect to z from 0 to x, to
(x-z ) 13 
obtain
s .1 1 1'
1 /x ( t 8)
o t
J  ~ ~ g ~ -  j J \  ~ —  d y  -  i t i  H ( x - t )  J d t11 x .. y
j x h (h 2 .ui 3gu(x- t ) a . t ...2i  4 ( 0) y  « e  4y 
o t® y ."X
. ts fX SgSJ% S ^ *. f8 f ( t b  » P ^ - 2 f e ^ d t d i  
o (x ~ z )2 z 2 ‘o . ( z - t , 2
0 < X < 1 ,
where the. various in tegra ls used above are given in 
Appendix Be
Integrating by parts again resu lts in
i  /q Ob*s) f  e“ i 'a (t8+x*s) e~ ia ( t 2^ x*2) u
Jo t *  <- ( t V )  ->
|x £ ° n a % 4 i  JB f ( t b  2 £ ^ - a ^ ) i a t d z
O (x -z )2 Z2 'o ■(z~ t )8
8 2
2 Pand putting t  ~ w , x - v gives
1  r  ~ io :( w - f v )  - io c ( w « v )-L , p- a( + ; ^-ia ; o _
I  * r wq — w+v * - * 3 ? — J 4w B G M  so
0 < V < 1 , .(3.3.8)
where
v2
g° ( v ) = -  f /  f ( t b  os .
O ,(v2 -z)® z® o (z - t )®
{ A X O 
V. A c ... * /
This type of equation was obtained by Jones in [13 and 
[8] and was converted to an in tegral equation of the second 
kind suitable fox solution at high frequencies, fo r  the 
particu lar case of the incident plane wave. As mentioned 
previously, th is presents d if f ic u lt ie s  fo r  other incident 
f ie ld s .  In th is problem the function, f , o f (3»3»9) is  
such that the correct manipulations fo r  conversion are not 
obvious and the function G°(v) cannot be reduced to such a
simple form as that corresponding to the plane wave of
reference [11 3 *
However we begin the conversion to an in tegral 
equation of the second kind by Jones’ f i r s t  substitution, 
namely
1 -i<x(w~v)
G(v) -  J! cLw • (3*3® 10)
This equation defines a new function G and has solution 
(see Appendix B and Mikhlin [93),
d M  f x~Ak J “W rY V V  G(v)e~i(W . 7 rp
k S v )  “  ~ ~ p :~  I  ~ a'r - ( 2. 2 . j-j-j
8 3
Substitution of the above two equations into equation 
(3*3*8) leads to
G(v) = - G0O) ~ s ~ i L  f1 (t t -)’* GO)'e"aottat r'l— -)%- vn-— "••p V-L-t/ \ w J (vj-i-v) ( t -w
r ° M  ®~iaT 7  f  t  V  G (t)c “ i “ 'U ,= G (.vy j j — dfc
o
(3*3*12)
by use o f (.BJ) 0
The analysis up to now has been the same as Jones1 ; 
from th is  point onwards we fo llow  the method due to 'Williams
[2 ], Introducing two new functions, Gv, and 1, by the 
re la tion
00 -ia (w -v )
G(v) ~ G-0(v ) + P i(w ) dw 5 (3*3*13)C- * , V V
and substituting in equation (3*3*12) resu lts in 
r M  r<> '^  f“  7 0 )o " ia(v,-WI "T I y J tU *^ 1 IY ’ ) ***» 1 ». -m vi*> wa\> u w- #»»*» n><r\, i .»,4mo»» M yj
2. *1 w~v
y A  3  ( t  f  G2(t-)e“ ia t
IT. \  v  /  J  \ l ~ t /  ( t - i - v )  a l
e ...
" ....k
e 'l0, j /l+v\® p00 \ —lava p1 / t  V® dt
'~1“  y T ' j  J f w e dw J l^r^7 l ( t ^ (w - t ;T
Employing equation (B5) th is  becomes
Therefore, i f  we. take the function Y to sa tis fy
J Y(w)
oo ~ia(w+v) -ia(w-'-v)o S dw = G° (v ) ,'(5 .3A4 )
o w+v w-v
then sa tis fies
vjhich is  a Fredholm in tegra l equation of the second kind in 
Ch, of the same form as that given by Jones in [1 ], and 
hence solvable by a sim ilar ite ra t iv e  process. Thus we 
require a solution of equation (3*3*14) fo r  Y(w )* This is  
found as fo llow s.
Consider the problem of finding a function, 11,
O O
satis fy ing the wave equation, ( v S - a / i  = 0, and the boundary
condition =* f-j « By Green1 s theorem we have fo r  the
upper ha lf plane z >,- 0,
■3t
U
1 / 9 G - .  v ,
^ h f e r ) z . = 0 a s
where S is  the z - 0 plane, (by the same process as led to 
equation (2 ,2 ,9 ))«
Application of the boundary condition gives
f.
z-0
JL
2 m os
dG
s .*0 :0
(3.3*16)
which is, of the same form as equation (3 «3 * l) except fo r  
the range of integration . Hence, in exactly the same way 
as (3*3*1) reduced to equation (3*3*8), the above equation 
reduces to
CO ~ i a ( w + v ) i - i a ( w » « v ) f
J  u ( w )  
0
G
’"’ w - v ~ ^ ' ' " _ _
d w  «  G  ( v )  ,
where G (v ) is  defined in terms by the same equation 
(3*3*9) as defines C° in terms of f*  We now compare 
equations (3*3*1?) and (3*3*14) and see that
Y(w) 
G (v )
u(w) i f
G °(v) and hence i f  
V
f  »  ^ H ( p - p )
Thus the function, u, and hence the required solution, Y, 
becomes a solution of
86
O O
( V" + a~)u i= 0 
( § § )  ~ ? over the whole plane > S.
The above two conditions however define the in fin ite  b a ffle  
problem dealt with in  section 2.4 (c sf s equation (2 .4 .1 .)). 
and thus u is  simply given by th is  solution, /0 of equation 
(2 «4 o4 ).
Va °° ° i ^ > J0 ' ■i . e .  u(w) *— (w) — ~* “s“ [ dAcL . d. <> ci , d.\ -yO l\l\ '"XX. )
»  f(w ) . * (3*3,18)
l\Tov/ that the function 1 is  known, we can. proceed with 
the solution of equation (3*5*19), by f i r s t  making the 
substitution
G2(v ) - ( — ) “ e“aav X(v) (3-3-19)
to give
°° /. ^yiaw / \-g- l/ i ■^*,2ioct
i (T ) = -  ( n r )  d* ~ 1 1  ( r e )  t?v“ " Tt't ) dt *
(3*3*20
As shown in Jones ClJ and [8 ], i t  is  necessary to employ a 
rather ind irect ite ra tion  scheme fo r  the solution o f the 
above type of equation, in order to o b t a in  a suitable 
expansion fo r  large ou We write equation (3*3*20) in the 
few/
i /-i . •>- Vg ~*2io:t
l ( v )  ~ h-^(v) J —qryy-" l ( t ) d t  (3*3*21)
where
00 A (w ) / v|-
V v ) “  -  J3 — - 53* ----y - T / dw » • (3.3-22
0 (  i  °
By use of the asymptotic form of given in the previous 
section of th is chapter we find
•, r \ VaJ^(a|a) «2ia+TCi/4 tzs r .z  0_s
ia i(vy ~ • ITI+vT " (3-2.25)
Considering now the ite ra tion  scheme 1 ~ s I  , where
n XX . n~j,
h  = hi
1 1  /n , , \ |  - 2 i t x t
i n = _ ~  j  xnml(t )d t  ,
i t  can be seen froai equation (3*3,23) that 10, I-. etc, w il l
k .0
be of increasing order of magnitude near the. orig in , v ~ C, 
Thus, fo llow ing Jones, we make the substitution
/ 7 b n . w h t W
I ( v )  -  \ J E - + y  /  J  *— dyj  .j. j  ( v )  s ( 3 * 3 * 2 4 )
which in equation (3.3 * 21) gives
I f  we now choose the function 1'L such that
\1 -svv Vv - a v r k , (w)
•10CW
o
- ia  ( w+v ) - ia  ( w-<v)
w+v W*~V aw -h.L(v ) 5 
(3* 5° 26)
then J (v) s a t is fie s  the in tegra l equation
J (v ) hp(v )
1 / ' !L 1 p /l i t
71 J V M
-2iat 
'4.XL S +■
t+v 5 ( 3 . 5 . 27)
where h„ (v ) = J HgvOe’ 
1
■2iaw {  w \s . jhL_ 
T ?  Tvh-vJw* ( 3 . 3 -28)
An. improved ite ra tion  scheme can be derived from, the above 
equations, b u t.f ir s t  we require a solution of equation 
(3*3*26) fo r  H-,(w)« This has been considered by Jones [10] 
where the fo llow ing solution is  given,
H, (y ) «  J ( r x ) \ ( x )  e "i ® cMCE,y) cbc
51.0cy «»
"Zj-jtHT o
( 3 . 3 .29)
8■ te y H ^ W ) JUay) -  4-x2 E p W )  K  (ay)
M (x,y) = ----- -—  ------- -±- —  ----- — .5,  . ( 3 . 3 . 3O)
(x2-»y2)
the kernels M5 being given by
We now employ the ite ra tion  scheme I  ~ B 1C ,
, 11
where
/ Ni  »  H (w) e
L (v ) "  ( i f ? )  J   ¥~v aw » 11 -  1 »
( 3=3.31)
ZLOCV 0 0  '■*1 \ ' p
\ ( y )  -  . W h  I  ( " I " )  M (x,y) e~laxte  , a > 1
(3-3*32)
■ «w W  -  -  ( * ) ’ * •  • ■ > » * . '
(3=3=33)
and h-i(v) given.-by equation ( 3 = 3*2-2) •
ft
To allow that th is scheme is  more appropriate, than the 
previous one, we f i r s t  find  the asymptotic form of from 
equation (3*3*32)* In order to do th is the fo llow ing
assumptions must be made about the properties of 3i ( v ) :
hn(v ) is  a) regular in the region Re(v) > -1  
of the complex v plane, 
b) bounded as Ivl -> 
and r )  not exponentially dependent on on
From equations (3°3*32) and ( 3 *3 , 30) we see .that the 
contribution of the simple pole at x ~ y to the in tegral is .
90
oc ( " f ^ Y \ (y) 2 C Ho (ay) XCoy} - HpXay) JQ(«y)]
x
:l
X ( 1-KV 
71 ( i s i . )  ^ (V )
Subtracting th is  contribution provides the in tegra l with 
a complete contour by 0 to °° which can be deformed into 
the negative imaginary axis, resulting in
t * * 1 jr,
j. , i \l I * . s«^  i
K ( $ -  4  W o p i n V  ~  - M e . l i M x f
J  . J l  >j / 4 t t I  \ x  /
,  v■ t\
-0*X  .K *
le-v/nxt ? ^
1/
/., \ / pw/fi S'r  u |vi I —■f/
[XL| T ,(.
0  lA  f—ia f . ( A  a x  
^  ...............
oo
lA l “ ^5.
XT • j | -- !| .ygi ^
1 1 y  ;  ^  ,  J  V X 7  ( x  H - u V
o
c*. jj)  K q 6 i x )  -  x5  IX  (c « j>  K1 C ^ X ]  clx
(3.2.34-)
since H^2k - i z )  = “  3§T evK:i-/2 k (z )  „
From the formula
p A - t  -jr _  J ? (  | J 4 \ H - 1 )  I ' (  J J y V 4 .1 )  i X
o v r (  11+3/2) 21-1
R e(p+ liv ) > 0 ,
given in Jones [8 ], equation (3*5* 3J) becomes
bearing in mind, the assumed, properties of hn« For a . y » l  
we replace the Bessel functions by th eir asymptotic 
expansions, giving the asymptotic form of If
11 Mi)
. .  '"A ./ V\
(/• 
)7
!- « /,.U
9 . . V  f M o )  +  \ \1  f  6 ' ‘-1.
H c  ■ ' " V 1 t j
Ol t|
M o )  n
( 3 . 3 . 36)
assumptions lis te d  above fo r  h. hold fo r  h.n n+2
I t  can. now be seen from (3*3*36) and (3*3*33) that the three
As these
properties are certa in ly  true of h^, i t  follow s by induction 
that equation (3*3*36) is  true fo r  a l l  11, I t  is  also 
apparent from the above equation that l r ^ i s  of a smaller 
order of magnitude than h^ and hence H^  ^^  is  smaller than 
thus succeeding ite ra tes  w il l  be of descending orders 
of magnitude and th is  scheme is  therefore suitable fo r  
lunge on
We now proceed with the determination of fa r  f ie ld  
amplitude mid radiation impedance as defined in.Chapter 2.
92
(Hie equations given in section 2*3 must he modified 
s ligh t ly  to account fo r  the d iffe ren t time dependence 
which we are using here*) F irs t ly  the solution,X,obtainable 
by the ite ra tion  scheme is  related  to the v e lo c ity  poten tia l, 
through equations ( 3 *3 ,1 1 ) ,  ( 3 , 3 *1 3 ) and ( 3 *3 *19) thus
3 * t -1 , /, \ «"•:] o'J t —v)
- -(j?)* £Z.....................................t -v
,„\g . io:w 1 \ b —2iavI '- ’VV \ 0 p /X+V \ 0 -r f  \ v „ n \
Y y  “ J [ l - v j  1W UV v 3 o - ;>/;
= # - , 0 + s  (£, say ,
-11 n=l 1,11
where
, . , -/1-w V  e+iotw ^2 ( t ) e“"la t  / t  V :
d.o = +(•— )  — —  j  “ (prr) dt
using (B6 )
an.d
/ / l-w Y  eiavj pVl-i-vV2 -Slav Jh r Q s
1 ,1 1  "  ~  J  \ T £ $ J  e ‘■*‘^ a 7 “ cLy • [ 3 0 - 3 9 1
Substitution fo r  I  from equation (3-3-31) leads to
,n
(3*3*40)
We define the fa r  f i e ld  amplitude, A-^(6), fo r  each
^ 1 , 0 5 p l , n  b y
93
An (0) «  iab cos 0 f h v ) J. (av sin 0)vdv (3*3*41)
J. •) X I w *L $ IX  O
. 1
( i *e• taking the conjugate of equation (2,3*1) accounts 
for the time factor discrepancy,)
F P / A Y *  / r  fi( r »  o  c *  A  \ . T A  1 a  < n i r r v \  * P n - » A m  a m i *1 *■"*■> A i '- w n  '1  7 2  O-1- U.I. UJ..VU '  Q ^UkkjO Vv JlJ.Uk V ^  -L w ill OV^ thu*. u .JL V-/JLL \  0 J
I
1
0(e) ~ iab cos 0 J /p(v) JQ(av sin e)vdv
1 'I f t )  / s ;
.j. JL f j  (av sin 0)v‘8(l-v ) 2eJ‘avdv f ->?— •-------f -~hp ) a.rt yQ O J ^  V~*’C \t™l /
(3-3-42)
Hence we require the asymptotic expansions of the above 
integrals for large a, For the f ir s t  integral we put•
1 °3
J yfp M  J0(ocv sin 6)vdv - J (v) JQ(av sin 0)vdv
and use the asymptotic forms of arid J in the second 
part.
We know from section 3.2 that
•iat
• / o (t ) fhi "W~ 3-j (a{3) } t  )  1<r. 2 1 h at
and also 1M VT%\ @ Vj/
i
CiAvrslr\®*Tl&
Uo (oi \r )  a a _ _ 1 ___ _  6  ( I--* ^ JL
;  f l T f a s i n © V /a- I- I  W - *(Irfo ts in© )'^ ! . 1
t  *---  . j I J  S ! j \ /  O
^Locsm©/J > '
9 4
Therefore we have 
\
b'Vx U KJ \
jo
v v } ttfxr 'sivx i ir  mr -J— \ k  A  I P> I f »«*\)i V> e ( x ^ ' v j  U U' O | . ._t*X- A’l_kk*h rf .7.. .43. 1 *ujk ‘df
( * *>v 6* / pi S ? i ~ R V a
* e  . e
a h
u i  b  cc -  f  •/S  d  CD
1 / V
<££>
A ' *•
0
iO f f
l * fe
•■*“ D\ v*
i —  )i. I  f lg v
b  1
i 8 to l 5n 0  )
- e m i V ©  - ~ t o t s k © W 4 / .  . ,  ,  U s - )  t
+  e  . e .  u i - q - ' t u " )  } |  cy
V £ < o u4 © /  j
a fte r  deforming the contour into the negative imaginary 
axi So
This becomes
j ' (?C?
t  d b  o s  ©  \ ( i  ( A  0e» (c{\r%\ & )v r  cl\r r x  -toe t> cos©  ( $  ( A  
o ' (S
f ' 7
fJ J tM r? ^ © ) v r4 r  -Jr  W t  cos 0  !
X .  T IT r  o i i ¥ i d l r<-2' '
e cotS>w&-BV4  > j  ., V i 4  1  1
rsf 7 I <?|N*a(P>S V 9c I Cf\<vt3)/1 <?} /*■>/ 7 k>Xt ft /-j) I
. ~Co(S‘«.@-+W4./ , ./■ . \ _ , _
- + J 1    7\ ^ _JL  V I  -V -i, U  O (o i  , . .
<k O-V-St'K©) V £ cot Stk@/v. ;
Cz>* 3°^3)
The second in tegra l o f equation (3*3*4-2) is  evaluated by 
f i r s t  expanding the inner in tegra l and changing the order 
of integration* This is  carried out in Appendix 0, the 
resu lt from equation ( 07) being
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f  QY\ ,! c,t;*
| -V Su\ [■
.fL ’™4. e{ $tk 04- H’[/(fi» /
A
Cl-
a. /
I <i
l»tel SiaCV
tFsKe-TiVA, f A  \ \  <2»
i s i h H s k e y
) / JL \ . “ V- ( I -f' Stn.Q
I [|H- StU©/ I " 8L
-N *\
+ A  P
, -tot S»kg>-vtTi/a
if
v,2.
4 -cP  (. I i- StV@) *  t  i  I “ S(s\®,
.4,
\
SSA0 \
c i M i
( 3 . 3 *45 )
To find  the general term, A., . , of the fa r  f ie ld  we see
J -  3 J tl
from equal 1. on [3 *3-40) th at
1
A., (0 ) =s icib cos 0 f II (w) e~,lawo (aw sin 6)wdvjJ- 3 J.1 v li o
ioib cos 0 p1 T r • Q) i/n s-1 law-, p°° ^  « 2iort/ t  Y \ ,—*~~~ J JQ ( aw sm 0.) w  ^e aw J ypR’T/ <-Vj-rry 
(3* ;5*46)
Evaluation of the f i r s t  in tegra l again involves w riting i t
00 00
as j dw ~ J dw and substituting the asymptotic forms of J 
o 1
and H into the second term, n The f i r s t  term is  given by
T J (aw sin 6 ) H (w) e"° awwdw 
vo 0 * “'n
a
4711
00 \i? • co J (q-.W S i l l  6  ^ /A \
1 + x V " <* 0 y{xw  eJ2W )  K (aw)i p p
o (x —w~) 
x"~ H^*\ax) JQ(dw)} dw ( 3 <• 3 - 47 )
ifte r  use of equation ( 3 *3 -32)
The in tegra l with respect to w is  calculated in 
Appendix C and the r igh t hand side of the above equation 
then becomes
oo /  \  T'" • r “\
2T I  ( i F / V ’x ) e" iaX Jo(oK s in0> F  CHo2 (ox) Yibxx)
(ox) Y (ooc)Jcbc
f (1+x)53 h (x ) e~’iax x 2 J (ax sin 0) dx
•J XI o1
Introduction of an in tegra l representation fo r  J leads to°  o
I  " Jo<aw s n^ ^  (w) e'“la '" wdw
c
Cf&
\Ys \ (:a *©(X (I -  St A© (»c& *K)
- j £
\fx  T
ir
IT
d x
( f  \yA  ...................................................  „
Tt?~ 6 J L  L i-S k ©  CoSM*)‘^
-  L C l / h  ( ,K , M / i  *  K y (o )  ) I d t i
o( A^ (,\— SiV\6> ossw ./^3-
(■5.5.48)
Y/e now require the second term of the f i r s t  in tegra l of
oo
equation (3*3*46), i.e v  -  J dw « Here v:e make use of the 
expansion (3*5*36) of H , resu lting in the expression
,  U. - c c i ' < w ^ k © - i n V
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Hence equations (3*3»4-o) and (3*2«4-9) give the to ta l 
expansion of the first* in tegra l in equation (3*3*46)., The 
lengthy process o f eva3.uating the second in tegra l is  given 
in Appendix C; th is  resu lt (O il and 012) together with 
the above completes the determination of A., „ (6 )  withJL ^  ji x
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A ll that remains now is  to find the asymptotic. forms 
of h required in the expression fo r  A-. ^ (e ) .  From
XX ** ' s-L <| Xx
equation (3< 3®53) and the expansion of ^ we have
h  ( V )  „  „ f ( ' « f  £ f ^ f Y s n i ! i
11 w+v I  71 \ w /  87..av
(o )
372' J dw
~tiA/2
-  • J p r S . "  - X,
_ *2ia+Tci/4 00 -2awG f> 0
7t I  XI+v^iwJ [  V lo L w2 Qocw^Cl-iw)
at
-ni/2 J:n - l (o > r
Sna J
dw
1 w(w~l)®(w+v)
6^1/4 2i(XT oo eh ( h v ) x
e  j  —  i  —71
2a x 1
2*1 V l ( :0 r d>
> & r f 7 . /o') C d . . - . i  0 - )£(3Z2) f  f £ 4 T i  p  f i )3  -  h fo ) r (W  
x  [_ 4  n -1  • J nr K i . - '  - g - ~ dx.
. e 1 h Cn) r <LW
S™ n~P Jx 4 vHL)U (vmr) 5 ( 3 - 3 « r'
by use o f formulae (02)
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Hie la s t term of (3*3*51) can be evaluated fo r  the cases
o
v -■ 0 and. v ~ 1 by mala ng the substitution w •- l+s3"; th i 
gives the fo llow ing three formulae •
dw
'.1 w (w-l) s(w il )
n (i  -  , r
\ /?/ :
dw
I (w - l )V 5
n and
dw_
1 w(w-l) c(w+l}'"
it 1
Thus from equation '(3-3*51) the asymptotic forms of h ( l )
h ( o) and. h ( l )  ana n n
If
1^(1)
e~2ia+;ii/4 i U ^ g o )
V l (1J +  8a ( I  -1  /< d.)
+ ° ( V i « ~ 3/0 .  (3=3=52)
-•2ia-;-Ki/4 ih  , (o )  _ 7/?
h,, (o ) '•*' — h^^^ (1 ) + -j- 0(hvi oc ) ,n
V D
L6a j. . i  \XL—1
*■“ 2X0*4 TIL!./4
4('ixa)
K  , (1 )  11-1
(3=3=53)
8a n
fo r  n >, 2
Equation (3*3-22) gives the n - 1 case ai 
VaJ1(ap) ^
q ( v ) 2a
~8xaw 
' 1 (w-t-v) w B (w-1) B
Va J, (a|3)1
2oc
N 00 G^ i ( l i v )x
* G j
2a
X'
dx
1 02
VaqCocP) ~2ia+ni/4 , i  
( l+ v ) (2 a ):v2
i  j  1  . 11  +  g ~  . .
(3 .3.55)
A fter substituting the above forms o f h. into equat'd.on 
( 3 *3 *50) ,  addition o f equation (3*3*45) gives the fa r  f ie ld  
Aa(0 ) fo r  the o sc illa t in g  disc problem. The only unknown- 
part o f the resu lting expression is  the f i r s t  term of
( 3 . 3 .45)
C O
i,6c dab cos 0 J jzfp(v) J (av sin G) vdv ° (3*3*56)
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Howevers to find  the fa r  f i e ld  amplitude, A.(0) v fo r  the 
one-sided radiator, we also require the contribution, (0 ), 
from the in fin ite  b a ff le  solution. This was discussed in 
Chapter 2 but here we derive an alternative form starting 
from the representation
n
4 6 )  = - k  f  ( a F ) r,...odS'
Z--0 a *""
plane
where
« - i a l r - r 1IG f  ■ \  0  ■ tul *-*»
qS L 'L  '  -  T r - r * I
dG* ‘ r
As r  -t- 00 s (y —'r )  *  *—-•-— iacos8  eiarl£,J-ii Q cps / ang[ thus ■
\oz ' z 1 ~0 r  •
vie have
2m—ar . <x> . . .  /
rt ( >  e ia  cos 0 r« , ( , V , , t lap sin 0 c o s y ../ '' — c —- j bo v p dp dp j e 1 <10
c .  -  <•_ ,  o  r -  4 0
1 0
and the amplitude is  therefore given ^y
Ap(0) ® ia  cos 0 f /p( p *) J (ap5 sin 0) pc dp
o L~
which is  p rec ise ly  the expression .(3*3*56). Hence the 
f in a l expression fo r  A(0) is
A (e) = A g e ) + a?(6 ) , z > 0
= -  A g e ) + A g e )  , Z  < 0
2a2(0 ) + A g e ) , z > C
= - Age./ , z < 0
(3*3*97)
where
Ad(0)
V a b  J ,  ( o c p ) e ’
■ia
a.(7Ta sin 6)^;
cos 0/2 cosX+i sin 0/2 sinX |~ («og Q . - x
1
‘2ia+xci/4-
2(7ia)
a
-2ia+xci/4v ~j 
2( tc<x)*^  /J
Vab Jj (ap)o~l a i  
8a2 Oca sin 0 )fe
F / i cos 0/2 sin X+sin 6/2 aosX\»»«n'Xnw.»ui5»» tail J
sin 0 cos 0 J
2>
(cos 0/2 cosX+i sin 0/2 sinX)
cos-^ 0
( i  cos 0/2 sin X+gin 8/2 cosX)
cos*0
X - a sin 0 -  n/% ,0  / 0 ? ic/2, tc
(3*3*98)
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In order to find  (0 ) in the forward d irection , 0 ~ 0# 
we return to equation (3-3-42) and see that fo r  th is 
condition
Al , d ° )  :=
oo oo
i a b  r  s K W v c h r  +  h g ™  j  ( a p )  f  e “ ' i a t d ' b  
Jo 2 Ji
1 .1.inh ± x x“  jK (t )e " 'ia t  , .. v |
+ ig> j  v 8( l - ? ) 8 e dv j  Y r )  dt *
the f i r s t  terra being equivalent to A0(o )*  The second term 
is  eas ily  evaluated ’j o  be
Vab T r *
" S o T  J i ( a p )  e
■ IK
Employing equation (C4) fo r  0 - 0 #  the third, terra of A-, (o )j. # o
becomes
iab VaJi(«E 4  i t iA  r" e "ix  
K 2a J i
2a >
x J eK (x » a )TJ(i.,v )|'dv
and the inner in tegra l is  asymptotic to
. rt7ti/4 le - ID Z ? ) „  Jt:L(5/2) ; 
(x -a )3 (x~a)5/2
ie -ni/4si(x™a) x
rQ/2)  ^ ir(3/2)
-  (x -a )p/ (x-2 )
5 x >.• 2a
Thus we have the expression
Vab JT(ap) §• e l2t a • eni/2 ie*
2 ~ W o F  " ~
>xa
(1-/2)
e ’la  / „ . 1i- -  2 + /2
4a2 V [2 ' 4cc
—’.LOC "/ / ie 3 f 1 / 0  .
2 V 2
fo r  the th ird  in tegra l of Aqi0 (o ) j  a fte r  using formulae 
(06) together with the in tegra l
p dx
a x w(x+p)'
1  „  f a f  I  (J t2
2 \a+P/ 2 4 + P.
Collecting the three terms we find
Vab Jn (a(3) . ,
An ( o) A0 ( o) •!• 0 ■ a 21,0 c. ciOC
Vab J^(a(3) e ”c
4 T F d
«2 ia
Vab J. (ap) e“ ia  i
+
8ac
*** 2/2 + (3*3*59)
We now evaluate ^  n(9 ) fo r  0 = 0 ,  equation (3*3,46)
giving
A l%n( ° ) '  «  iab J Hn(w) e~,:Law wdw
law Hn '^  -2 ia t (  t
1
dt
Evaluation of the f i r s t  term above, by sim ilar methods to 
those previously used fo r  general 0, leads to the resu lt
A fter  calculating the asymptotic form o f the in tegra l with 
respect to w of the second terra of B(o ) we. have the 
expression
_7ci/4 p dx e j
a r  ~
r(3/2) 1] 2x J i  e
~2ioct iat~d.tx e t « l at
CO *sr
-iti/A p e e J
a x
'(3/2) -i- cbc ^  Hn( t )  e *2iat. ia t - i t x
t
F T )  Jo * (3 -5 .61 )
We evaluate the inner in tegra ls o f (3*3*61) fo r  the terms 
o f the asymptotic expansion- o f Rn( t )  (equation (3*3*36) not 
including the factor exp .(2 ia t)« This was carried out in 
Appendix C fo r  the more general in tegral
f  Hn( t )  ^ ^ e“ 2iat . e-itx-i-iatC l+c)^
and thus putting c ~ 0 in the resu lt obtained there gives
Hence in expression (3*3**61) we obtain
—ra
n
r(l/2 )r(3/2) e'*100
ia
•la
(,/2h (1 ) -  e~Kl/2 5 6 /oc v n oo;
(iin(l )/ 4  + l\n ( l )  ( — 2 + 1//2 h- /2)
2a B
■i- /2 3^(1) ( |  -  /2
,3/2
(3*3*62
where we have used formulae (C4) and the fo llow ing in tegra l
J dxa "sP^  (x-f-a) rJ o'F
p i  o3/2 ^ r>« . ''v  rj3 2 + .3 2
V/e must now consider the second term of A-, (c ) fo r  those1 , .0.
terms of the expansion of H^Ct) which contain the factor 
e x p «(2 ia t ). We therefore have the follow ing [Integral-
1 0 8
nsi/2
-tssr~  V o ) a5/2
le
“a
xa
' (3-3-63)
C ollecting a l l  terms we .find
iab -it i/4 y ,/pA / 1  ... v A i
a
-LOJI./ . fry C,=1rX.O^*— V  ^e ' V u  i  / V 3-)
"  " ' 2  1  4  “o: a
+ \ ( D )
ibh^Co) e‘L(X ibbn(o ) e'“la<"Tl:L/72
8ita B’ko:
* e
0. l i „ ( l )  lbBzi(X n no;
2 m a (/2 -l)(/2  h^Cl) -  e'"7ci/2 •Y r~ ')
lab
iab e'
~TtT" f
•la
6T"
r  2 h  /hA l }
2oT ( “V "  •" V R  (™ 2 + 72 + /2)
f l  hn(D ( a JO,
*  I f !  • » " ’ 1 / 2  v » > a372
: ie  
~  a
:ta
Substitution fo r  li^ (o ), hj ( l )  in  the above# and addition o f 
equation (3*3*59) gives the f i r s t  few terms of A-^(o) as
A^(o) ** A ^ o ) +
Vab J^(ap) e " ia  4 / <-2 ia+ itiA
2a 2» 1
e .
2 (w x A
+ Vab J3 (ccp) e •la j l ,  
80/
(3*3*64)
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In the la s t section o f th is  chapter, the fa r  d iffra c ted  
amplitude on and near the 8 w 0 axis is  found using the 
geometrical theory of d iffrac tion * The resu lt given there 
agrees with the f i r s t  terra-of the above expansion*
We turn now to the determination of the high frequency 
radiation impedance* As defined 1 ~n Chapter P 7 section 2*3, 
we see that the non-dimensional impedance, , is  given by
'4-ic: - ^z  e  — (‘ d (v )  vdv 
1 Vp2b o 1
Therefore, from equations (3*3*37? 38 and 39/? i t  fo llow s 
that
al  “ zX,o + j jh  zl sn 5 (3*3.65)
where
z “ . • --if' f  f  09(\v)wdw 4 4 f ’ (l«v f)^  w"s" e‘*Lo:'w dw f 
1,0 VB b h o 2 7(: o '
/2( t )  e~"X(xb t^  d
dt / ( 3 * 3 * 6i>6)
(w-tKt-a)* J
•Text 0
t ) ( t - l )B
... p
and 2-, - — (‘ J (w) wdw * (3*3*67)x,n Vpdb *Q i,n
The f i r s t  in tegral o f equation (3*3*66) is  the same as that 
used to calculate the radiation impedance o f the pulsating 
disc in section 2*4, equation (2 .4*6 ), and hence is  equal 
to z2« The second in tegra l is  evaluated by using nation
( 03) which gives the expansion of the inner part, and a fte r  
changing the order o f in tegration we have the expression.
11 0
;, . V a  J.-, ( o; (3 ) 03 —i x  c  •; r s / ?  / o )  1  P  ;s 'itIU .L n e I .r/ ;|.) .U. {6/2} ( p /' n k S p- d
- ,,r n „ — — 2 i 5 r  J “ j r  I 1 ( ^} * i I  0 .^ 0  vrj
2a ‘ ' o
eiw (x -a )d^  #
S p littin g  up the in tegra l with respect to w as fo llow s,
J dw es J dw -  f dw , resu lts in 
o o (3
20j (aP )e1ti/4
2 a
03 *“1Xe
"p*x fv
r /'iA , ir(3/2 ) 9
c>- J
• f l  1/ j M y'urjx
vv "°* 2 (x -a )r-
dx
Tri/4 ~*2ia2J3 (a|3) e • e
' O 3.-.
d (3 22
e * i / 4  e i a p  p *  r  x
2 i a 2  ( w ) * ( l - p ) *  C  i c / / 2
1 / I  1 \ 1
- 5 7 d ‘r  i = V £57? -
5 1*■ i «K*xsN3£^aj>‘T>f?CCtKx2j«M**ai£='*r jinCM t r*—* 1
S a ^ 2 1 4 U -e )a ^ 2J-
-!• 0(u~
(3 .3 .6 8 )
Me now use equation (3.3*40) in (3-3.S7) to give
4x a
l sn V{32h
f  HL(w)e""i<xwv;dw 4 / P eiocw w^(l-w)^dw x 
-- lo ~ 0
* J
«  iqC t) e“» 2 i c r t
- 'rtxteiTwsv'CAifiMisMfTa | euv*^ i
1 W^ U t « l
dt . (3.3*69)
Considering the f i r s t  in tegra l above# we have the expression
, 41 a 
Vp2b
J (w) e”  ' 'A wdw “  J (tv) o'"" 1 wdw 
- o P
the f i r s t  term being equal to
,  , OO /  \  w
4ro: c ( l+x V  .. /*. \ 
Tp2b o V *  J h U '
♦ | * V
‘lax . o; a w ) ,iv„, tr( 21 \ T / ,\dx c \ ivJ B (ox.) vaw)
J0 ( x b i )  4 0 1
x2 lib \ax) J dw
vp
f ( l i ^ V h  (x ) 2n J I *r )  nb'JT o /
( K K » < M u u n  o».n» 0"*icxx xd>.
a fte r  use of formulae (08# 9) -
Hie asymptotic form o f the above integral is
*** iS w iW W flr
4a e 4
V62bK
, , N I/3/2) . I ~r - v s11^  v O / M I g5”—** •!“ .Qvh O /
a3/2
b,,(o)
. . . .  - .
2 n
- 1 r (5/2)
<rr/2
i  0 (a "^ 2hrl) (3^ .3.70)
For the second term we use the expansion o f (equation 
(3 * 3* 36)) to give
lie: r e-iocw‘ ■110; p• « |  i»v<m»EWtt!.Mn J
Vp2b p
ik
k ” riP (w) f i l i l  ] ’ e }%L( ° )  (■ 2iccw * \ i - n v w / ^  ct, x j  1 aw ^ ' RtT/V C" —*
»iocp 
Vp^ b7t uo
— J e j i  h^ ( p-iw) ( p*~aw) 6 (l+{3“iw)
We now require the second in tegra l of equation ( 3»3 * 69 )e 
In the same way as fo r  the fa r  f ie ld  amplitude, we begin by 
considering only the terms of the B expansion which do not 
contain the factor exp * (2 ia t ) Thus we have
41 a f*°° -2 ia t (  t  V  1 n°° (1-w) K law .— 1 H ( t ;  e isr^rJ e- dw
V ^ W l  n x1" 1/
(1-w) 0 wTi law
0 p \vwU
the inner in tegra ls above being asymptotic tc
era. A  en.at j  £ r ( 3 / 2 )  -  -U lC jZ S ), )eLx
i a t  J e ' - i r U “ P ) x  f .  , 1  r v !  .
a x ' 2x
Changing the orders of in tegration leads to-
r  _ J L «  ( r ( V ? )  .» i i . 1 5 / 2 2 . 1  a--- f  h  ( A  e ~ i a t “ i t x /  t  V s 
)702b« Ja f / 2 l U3 ' J 2* 7 T V
Ci.’G
( " e i d  f| t l / ' L J U k  T  c t) e~iab~itaVB2b,T a * r  2* V P  1«.(-); J a- d 1- V t';t-
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f  e lg .  j r ( /2) _ m % m r _ . j .m r (2|. (1 }
V[3‘- Im ' a xV 2  L ^  J -  (x+a) * ^
\ (o )/ 8 a ) {h ( l ) A  + h V l ) }  ]  *
(x+a) n "  -J
n i A  e “ ' i a  A4 a 0 ,“ / ' ,‘ e“ "-u- D4 ^  DA  “ e- i x ( l - P )  rp ^ d -p )*  J x _ ; ~  j l t i  a . r  j
VBA-r;2 Ja ^ I
1
r(jr) J. |-. , \
( x -k x ) ' 1  1 1  b a
i 'f (3  /o ’J -
'A Af f f c 2* 1 C-\(-0 A -M ^ d )}
( x v a /  7
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Performing the integrations gives the expression
4iae* •ia
:n3 5^*r»C?J=''Jcr»;a
Vp2bn2
. h (1) ,  -
e i'Q ) r(3/'2) A r -  ■:■ 0 (k v )
a
e’T a  pi 
Tp2b ir (l.-p )fi
• la (l-p ) r ( i )  V ^ i  .,. o (a-5/2)
(3-3.72)
For the remaining terms of the II.. expansion which contain 
the factor exp* (2 io :t ), we have fo r  the secondintegral of
1 1 4
( 3 » 3 . 6 9 )
i . : . . .  P j .  j .  ° =  4 ( o )  e " " 7 1 ’- / 2  at
r < /0w r ~ s.ribVfiniTT o
w »(l-w )» dw f
1 ’ om a(w -t)(t~ l)
r  *~ o
Since w is  small* ly in g  in the in terva l [0, (33 , the inner 
in tegra l approximate 3 to
p r r \(_rK±/2 oo J-y, \ o y e
r ...... '-■jf'-vi. a +» « •  )
Ji  (t~ .t ) '« t ' '- '
CU) l.v ilHiii sipuua^ asasMrtwni
8  TCCXr
and the to ta l expression become;
/i t h (o ; p . y 7
-JL.™ j* 0n-avv1 ■w*3(i«-v7) s dw + higher terms.,
-LOGO *LVj3 b'H
using the re la tion p o n  />>1 . tmumutJ*«y wraj k* N’ T/** *T J /  ^1 l £_ €■
( t ' « l )  ^  t 2
Rence we obtain
J h h L  [ \  eKi/4 r(3/2)» * « u * riT m w n V .r.", . . w t jc x w  |  I  W  i  •«(«*• zr i;»
Y p  b<,16m  C  a 5 / 2
vium'in (3*3®73)
Addition o f expressions (3*3*70, 7 1 , 72 and 73) gives 
the to ta l expansion of z-, * into which we substitute the •J- ^  Xl
asymptotic forms of h given previously* In th is way, 
together with equation ( 3 ®3 *68) ,  vze find
2J-, (aP) e” 2ia 
a(2mo;p)
iaP-Tsi/4 f .. 51 151
I % ‘ Iba
-2ia*mi/4 / r-?.ia+»ii/4G I n 0
2(noO 8 4 2( r a x ) ^  -
11 !5
iap+wi/4 ;L 31. + 15i.... S..A   I x _ £
8a f) 1 16a
-2ia*)?i/4 / -2ia+wi/4
2(rca)^ '  2 ( v:a)}S
+ 0(a (3*3*?4)
*mH ^ A ' f o  I "r“>‘.n 7! ‘1 o *r*i rs-.-'v i a  -i <m *M«\ a'^a*Pa*i*i i-n w#'*.*!?* Inv*.-k* v/V' v» V^..A- J. UU..UU u i . a u  *U1 I|V ..»- V/X-LVvj^  V>U-VyjL O CAX V vyj*4. ui V
Z1 + z2
-j- 2i J-^(ap)
•-2 la
a
~2ia-t*TCi/4\ ,,
1 ,« ) 4 . 0(a fe')
2(ko: ) b /
(3-3*75)
( 3 - 4) THE Vv. I'ENEIR-HOPF TECIIUIQIT
We again apply Green5 s theorem in the upper ha lf 
plane# z >0# as in Chapter 2 (see Fig* 2) and obtain •
 ^/"i F\ C1 l
471^ 1 (r) « J (G- ^ ~  " an^ds " (3-4,
This time the Green's function G (r ,r ’ ) is  chosen to satis: 
the c ono.ition
dG
Un 0 on z 0 5
i » e «
G ( £ » £ * )  =  G o ( £ » £ ' )  +  5
Gq and rg being defined in section (2*2)# corresponding to 
a time dependence of exp. (*~icot) *
Equation (3*4*1) then becomes
*i  ^7*| i
A  u >  = L i /  o - s i f dS
T  ^
and a fte r  use of the boundary condition
H(a p) # 0 < p < b
oz z±0 a
we find
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We also have from section (2 ,2 ) the condition (2 ,2 ,2 ) 
b-j «  0 on z «  0, p > b, fo r  continuity o f ^  across the 
z »  0 plane beyond the b a f f le <> Applying th is  to the l e f t  
hand side of (3-4,2) resu lts in
a/,
r a ~*JL rJR ~ .1 P O r' rl R An -7 . ~ D. n -> U . f*  A a  3
d i " o  o n  " "  2  v  “ 0 —  —  “  ' . w " -
O--. o-,5 1
For the solution of the pulsating disc problem given in 
section (2*4) we obtained the representation
4 6 )  -  4 i  Goas‘ » 
S1
and the asymptotic form of e'p was given in the f i r s t  section 
of th is  chapter as
Ya e^P
bp(p) ~ -  “2" HEp~" c-rv ^ a  ^ -P°r -1-arSe k and p>b •
Using these two formulae on the righ t hand side of equation 
(3 -4 ,3 ) leads to
0/-, 1 ^ikp
J.Gq “cJn" ”  mVa J-^(ka) $ p > b , large k.
3 ' ( 3 .4 .4 )
The l e f t  hand side of the above equation is  of the same form 
as equation (2#'0 o f reference [ 5 ] ,  and v/e now proceed with 
an approximate solution of (5®2,4) fo r  large kb in a sim ilar 
way to that given by Levine and Yu,
F irs t ly  we consider the in tegral
By making the substitutions
Y - 2 sin / !/2 , &ry (1 -  v2/ T  oy/1
Y Ip-p 'I- “ - x  B and k 
(ppF) 13
ktp-p1! ,
th e int e gr ai bee orn e s
expp.Kp. 4 B )~g] d
7y$ *
4 k 2  p p f
(3*4*6)
Since the main contributions to I  in equation (3*2*9) come 
from the neighbourhoods o f the point $ x & 0 and the 
d iam etrically opposite point &; tt, we can obtain the 
contribution near / = 0 ( i , e * p 0) by expanding (3*4.6)
and talcing in fin ite  lim its  o f integration, giving
._1__ f  exp« [1K(1 + p*1)8
'( 'g r f f f  .1  ' ( 1+n2 ) i
\ + j f r L  .-I. « p  4
. 8k pp *
dn o
This is  evaluated by use o f .the fo llow ing in tegra l 
representations of the Hankel function
and
-4= ii1-1) (iodK o v y H p )(K )
iK eK-(l+iV ')'p
TC J*
(l+Tl'
b'UX"'"”’ h ”dr|
Thus, we have the resu lt
I .. I T-jCL) , d T j(l) ('](■')
1 (ppO * 0 W  8k2pp- ^  °  W
C* 6 6 3 .J t>
(3=4.7)
®o obtain the contribution, I 0, from the neighbourhood of
f ?
$ “ tc¥ we substitute = tu •!■ >( to give
5 £“*£* * ;r- C( p+p * )2 -  4p p? sin2 x/2 3 ’®
(p+p *r 4p p{ sin^v/2
(p'i’P1) -
(P*»‘PT ) 1 „  -JiB1''2
2 (p+p1)
(,0 V
CL
Hence we have
eik (p+p ') ~
Ip + p o
<v2ASEfi'X
2(p+p ,
p
( l  *1* •
2(p+p*)
) d\
Uc(p+p») i A  «
cp+pn
:r£m!.h
2vp+p)
1
u“ 2(p ip ? ) rl
e i l C ~ , t i / 4  I 1
K pp5
3 .**U frtR(\y»il r)</V *
2K
(3=4.8)
rv/ .
where K = k (p ip Jj
Following Levine and Vu vie make the substitutions p «  brnx, 
pf b m x 1 so that the coordinates, x 5 x ! , are referred  to 
the b a ffle  edge. From equations (3°2°?) and (3--2,8) we 
have
I  * I., + I 0
JL cL
- (^ 1 -  gCl■) (kIx*~X* ! )
tc ik (x+x8) ( ,  3(x+xf ) i  \+  F  e • p ^ i  -  — 2J5—  -  7$$) J  v
to f i r s t  order in x, x 1, 
where
exp, ( 2 ikb-TC i  /4) 
(rckb)^
(3®4,9)
Using th is form of I  in equation (3*4,4) leads to the
in tegra l equation 
go
S
<D
3 ( x + x 1
r - r  -\T - r ,\ utA/, . i k  fc’t-WJ1}
i  ( x } ,  u  t. j \ ( k A ' / . O )  h 0  v .k  i x - x ' L  _n _  i x .  e .
„ T  v  '  E r ~ /  t J
I- _ 0
4 b 4  k h ) j
i x 1
ik (b-Vir.) -r
y  <x 
(b + x )
J v ( k c O
x > o (  k  4*p to )
where F (x ’ ) .  6 4Q ‘"'STVr  o n (3 ,4,11)
Y7e now apply a complex Fouxder transform to both sides 
of equation (3»4*10)„ Since th is  equation is  only v a lid , 
fo r  x > 0, we define a function G(x) in terms of F (x ) fo r
the complementary range, :x < 0* Thus the transformed 
equation is
1 - F (c) 1 3? (C)
2 b o ? - 7 E ;  y y y y  ~  t r
p  r.tt*
u. { F(*-k) :i
2 (k ~ c ) v  4kb
3i E (‘Tc) j i  I(l
4b
o f c F "  >TB‘  ""G r “ p
VaJi(ka) . k b
~ 2 F ”  d
1 , • 1
■(z=u: - y y y y •i- & ( £ )  ,
where F(C)
CO #
j* F (x ) e "3" O- cbr ,
G(C) = ,f°G (x)e-iC xcbc
So solve equation (3=4=12) ite r a t iv e ly  we le t
F (d F '^ t c )  + F(1 ) ( C) + ,
with a sim ilar expression fo r  G(c)s and J (c ) 
given by
VaJgka) .kb
21c (k-C j + C
($,'4*
is  then
(o)(£) . .
As in reference [ 3 ] we re-w rite  th is  in the form
I t  can be seen that the l e f t  hand side of equation (3*4-. 13) 
is  regular in the lower h a lf .plane Im(c) < lm (k ), and the 
r igh t hand side is  regular in the region Im(£) > «  Iw(lO •
Thus the two sides have a common region of regu la r ity ,
-  Im(k) < lm (c) < Xm(k), and hence an in tegra l function is  
defined, which by L io u v il le f s theorem is  equal to a constant 
Since each side tends to zero at in f in ity  in  the respective 
h a lf planes, th is constant is  zero and we have
A ° ] ( 0  p (2k)| k (oU  VaqOca) ikb (2k )|
(k_c)4 2 X k -0  ■ K J 2k Xk-O
Putting C - ”  k gives the re la tion
and substituting; back into equation (3.4.14) fo r  F  („k ) 
leads to
The second ite ra te , h  (£ ),  is  given from equation (3.4.12) 
by ■
g h ) ( C) ic  r  
(k2~C2) 8 2b(k2-Cg) 3/>2
;(o ) (c ) i  i ( o ) ' ( c)O o 1
b (te^-C ) ' fe
u
2"
i a L - fc) .. :i.i^°) ( - k) Jji S (° ) (-k )
(k—(f) 4Jc'b(k-C) 4b /, \ 2
(k-C)'
Sii*'0^ (••*)
 4 b T k - - ' C T “ ‘
VaJ,(aP) Hikb _ J L  + 5 (3- ) ( c)
ib(lc-'C)
:ic e "x
( k ^ c b ) *
*3-4.16)
where
H(C)
Va J-gka; i^)£b f  (2k) ^ i(k+2C)
21c 2b(k2~C2) * (k -£) 2 (k+C)
+   J. _  x j . |' i   _ + ___ _ __31  
ib (k -C )2 2 L4k'b(k~£)(l+n/2) 4b(k--£)2(l+p/2)
__________ (21c)fe i (k -i-2C)_________
2b (k2-C2) %(k-C) 3/hk+C) ( l  + n/2)
iB E s f e r  ( x "  2T1A 7 2 7 )  J (3-4.1?)
a fte r  substitution from equation (3.4.15) fo r  .
By separating equation (3-4.16) into parts regular in the ■ 
upper and lower h a lf planes as before, we find  fo r  the lower 
h a lf plane’,
-  F ^ O -k ) + H(k+c)'ft' H (0 ] ,
d (k~C)
(3 To 18)
m»
where [(kn-£) YH( (,) ] denotes the separated part of (k-i-cf) LTl( c)
•i • in < *i“ /  j, \  ^ —p /  *| Y j-ji p, i », i % *regiixar m  one j.-ogxon ..onvC/ ^ no u iia  nms
express3.cn. we use the fo llow ing resu lts proved in [ 3 ) ;
iLt.2.C
\/c;
13 1.
r~ Ck-C)1-. 4k(k-C)
(k+c)^
(k -£ )2
(2k)® _.  .......1 _
(k~£)S 2(21c) ~(k~£)
together with
r i - x
3 . -75- V ^(2k) e 
k -  £
« T A**"
Hence the expression fo r  [(k+£) 8H( £) L  is  given by
[(k+C)'g H(C)l. «
Ya A (ka) •1
2 k
1,ikb I j fa O fi A  J5 ,
L  213 \ 2( k - £ ) 2 4 k (fc -c )
 ^ ^   ^ (k -£ )2 2(2k j ( k “ £) )
I l f  _2i / ( 2k)
(_ 4b(l+n/2) V (k -£ )2 2 (2 k j(k ~ £ ))
(2k)® / 3
1 ~  ~72
h i _____  (21t)®
2b(l+vi/2) V2(k~£.W 4k(k~c)/ ’ 4kb(l + p./2) (k-C)
31(2)0®
+ isk b tfe h j J  -  n r p T ir j J J  *
■) ” 1
( 3 .4 .1 9 )
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Putting Q «  - k  in equation (3*4® 18) gives
V a  J x ( k a )  i k -b 
._k  _  e 1 + TiTiI727
«. . p___
2 (1 -f \.{/ 2 )_
A XOVl-3 2 k b  ’
which on substituting back y ie lds  the second ite ra te ,
V a J b k a )2k (2k) h 1.
2 ( k - C ) 3 / 2  4 k ( k - £ )
i'b
(2k )4 1
(k—c) 3 7 5  ~  2 [ 2 k ( k - ' c ) ] " t j
V a J g k a )  i k b
2 k
j j i   ......  >t i 3i / 2k \g
L 8 b ( l + p . / 2 ) [ 2 k ( k ~ £ ) ] ' p; 16kb V k - C
. U  = JL  (SSL . f  4  ,  _ i _
U l 6 k b ( l + p / 2 )  V k ~ C /  V  l + p / 2
_  y. \~)
2(l+y/2)/ J
( 3 - 4 . 2 0 )
Having obtained the f i r s t  two terms of i '(£ ),  we can
34determine to th is  order of accuracy from the re la tion  
(3*4*11), However we require expansions o f the fa r  f ie ld  
amplitude and radiation impedance as defined in Chapter 2; 
these two quantities are determined below,
From equation (5*4,2) we see that as r  ** co ,
ik r
d ( r )  >■*> —~_L *”• r
1 5/, 2k
S t J  I f  p ' « p '  J  e “ i k P ' s i n e c o s ^ ' d / '
a 2%
4  J  p ' d p '  J  e “ i k P ' s i n e  c o s / '
and hence the fa r  f ie ld ,  A , (0 ) , is  given by
“ 3/n N v„2 J, (lea ail). 0)
A1(e ) = J l a  Jo(kp' BiD 0) p' dp'' “  i f  " tE a i ' i S W
The second term of the above equation is  exactly that given 
by equation (2-4,5) of Chapter 2# fo r  the amplitude, A,,( 6 ) , 
o f the pulsating disc problem-. Thus we have
A1(0 ) - | F (x f ) JQ[k(b+x‘ ) sin 0J <3x* *-■* Ap(0 ) # (3-4*21)
using equation. (3 - 4 . i l )  .
o
and introducing an in tegra l representation fo r  J resu ltso
in
a • ca 1 ikb sin 0 cost i * n 4 \ -> iA-, ( 0)  cs “ J o sin O cost] dt -i- ApV0) -
' o
sine «
= 2 .  |> 2. cte + Ao(0 ) . (3.4.22)
* - s in e  2
The above in tegra l is  now of the type discussed in Copson [6 ],
where it s  asymptotic series fo r  large kb is  given as 
 ^ ' c kb r  \ i>\ p . ,
)  - L i v e _ I ? 4  i , C  ' i  J3__ L  ( S n v @ - x ) - y
L .  n l O i r 1
y  r u A ) „ ,  e
A
. F ( -  k x ) ]
rv
-Jr  ^  P  ( jv * A )  •. P.1 / —“*r~“rrv*\ H+^
X * ^
( klvSlVO -t
n i  (k b ) ’
v \ ^  o
Substituting in the f i r s t  two terms of F (-kx) , we obtain, 
a fte r  some manipulation
5 in 0
1 ” f  ' eikte j-(-tac) ^
TC 2«
sin 0
P  P  — 
( sin 0 -  xc~) a
V aA (k a ) eikb
2 "^k7c V ' 2 (l+u/2 )/
•ilcb sin 0-;-7f i /4i7T ■ te f  e* ___________
kb L ( 2 sin 0 ) ^  ( 1-sin G)
ikb sin 0-n;i/4
+ — + ir (g/2 ) f  e“
(2 sin e)® (l+sin  <?)"s J (kb)'"' l. 2(2  sin 0 )
« ikb s in  0 + n i  /4
   , -y   „..._ .......  _ . . .  \
(1 -* sin G ) 2 s in 0(1 «• sin 0 ) ^
ikb sin 6~rci/4 r
— 1
2(2 sin G ) s i  ( i  j,. gin 0 ) p sin 0(1+sin 0 ) ^ ’ -i J
Va Jgka ) eiKb i  J  
8k2bTt(2kb sin 0)®
•ikb s ir G-mi/'!- ( 2 *
' (1 -sin  e ) */ / t
( _ 1 
2 2 (1- sin 0)
j ikb sin 0-7ti/4 (  + e [
x
2 s
(1+sin 0)
1  • V•-770'" + ""X J
' * 2 8 (1+sin 0) 8 /■ \ (kb)
which reduces to the expression
Va ub (lea.) e ""  
k(Tckb sin 0) s
1 . cos 0/2 cos X_- 1 sin 0/2 sin X 1
l+yi/2— -  cos 0 -1
Va Jj. (ka) eale° i
8k©d (itkb sin
.(- i  cos 0/2 sinX *• s in 0/2 cosl )  
. ' sin 0 cos 0
... y.. . 4  „  o  / o  , ,  Y \  l i . t  sin 9 )(cos 0/2 cos X ™ i  sin 0/2 sinX)
co&'J 0
( -  i  cos 0/2 sinX + sin 0/2 cos l). 4 sin 0
cos- 0 — H k b p
where X «  kb sin 0 -  tc/4 (3 .4.24)
From the condition, / , (z )  - -  / ,(--z ), given previously we 
have fo r  the to ta l fa r  f ie ld  amplitude of the one-sided 
di sc radiator
A (e ) = A g e )  + A2(e )  , z ? 0
= -A g e )  + a2(g ) , • z < 0 ,
and honee from equation (3.4.22)
A(6) = 2A2(0 ) + A g e )  , z > 0
A g e ) < 0 ,
where 1^(0) is  expression (3*4,24), .
Comparison of th is with equations (3*3*57) and (3*3*58) 
shows complete agreement, remembering that d iffe ren t time
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dependences were used* '
Ve now compute the radiation impedance, starting from 
equat.1.on ( 3 • 4«2) wliere
*» DA 2% -vr
q ( p )  = J -g~  p'dp' | G0a##* -  m  j  g as
b
S1
09 dX oo J (X p )j (\p>)
I -g— p'clp' I  ——»-g--2--5~ -M X  + f*2(p ) , 
D; O (A ~*lC )
(3*4*25)
2m
a fte r  employing the expression (2*2*12) fo r  J G.d/‘ *
‘o 0
From the de fin ition  of radiation impedance, we have fo r  the 
to ta l impedance, z,
z -  Z-y + Zp
2ik—A  r (p ) ds + s0 , 
Vna2 J 1 2
si
and!. substitution of from equation (3*4*25) leads to
4ik c° a .z - —— r p1 dp1 j —— P J (Ap)pdo
Va2 Jb to o (X^-k2)® Jo 0
+ 2z.g
4ik » "  3A  “  J-, (Xa)J (XP' )
„  . .  w  ^  ^  p • a P • |  - ™ . 2 - - g - F ~ -  a x  + 2z 2 ,
(3=4.26)
by use of Sonine1s f i r s t  f in i t e  in tegra l.
1 3 0
In the f i r s t  section of th is charter, we saw that
oo ,t (xa) J (XpJ) ikp
Jcp L (ka) fo r  p* b 5*o (X ~kc')'s
{
and we can make use of th is  in  equation (3*4c26) to give
4i J4, (ka) °° ik (b+x ‘ )
— J j — j - — F ( x ' ) d x f 4- 2 Vip
4i Jn (ka) . , „  . « ,
» < - * )  - b  6 k ) . . . . 3 + 2B2
Z  C-
Thus,* from equations (3*4*15) and (3*4-20) fo r  the f i r  
two terms of F, the to ta l impedance becomes
s-n
0_ ‘ 21 T 2/, \ 2ikb
2  "  S B - J 1  ( t a °  e
1
.14 r 3i
2 ( lfckb(I+jj/2/ 16kb
p
} 1L. f „d /J 1 4 j 16kb L
-  zflb I1 ~ 's r r h / i j )  * 0 ( (kT>)“ c )
2s2 ™!b Ji 2 6 'a)e
2 ikb 1 ■ y i  , J  1 \3/2'
x 2Tl+y/2) 4kb 1 U (kb )J
(3-4.27)
Comparison, of th is  resu lt with equation (5«3«74) of the
ys /*>>
previous section shows agreement to a to ta l order of (6v~)//f".ivO
For the next term, equation (3®3*74) gi\’es''yg^Jg- whereas we
have in  the above equation the factor ^7 . „ Ib is  may be
(\
due to an error in  calcu lation. However, a sim ilar
1 3 1
discrepancy occurs between the scattering coe ffic ien ts  
calculated in .references [1 ] and [ 3 ] which may or may not 
be coincidental *
( 3  - 5 )  TUB) G E O M E T R IC A L  T H E O R Y  OF  D IF F R A C T IO N
Tiie to ta l v e lo c ity  poten tia l created by a piston#
radiating from one face only and set in a concentric b a ff le ,
is  made up of the d iffrac ted  f ie ld  due to the presence of
#
the b a ffle , and the d irect f ie ld  from the piston; the 
la t te r  a ffectin g  the upper h a lf plane only,. To find  th is 
d irect f ie ld  we use Gutin's superposition p rincip le fo r  an 
unbaffled piston, as represented by
v
A
x n j  =  K Z S 3 !  ~ 'r   E Z S Z 3 3 -
<£- /h ■'
f a  4 v s
unbaffled piston, unbaffled pulsating di
u. o sc illa tin g  disc, 0b
tl ~ c j 4" (j>l A?
d
Yig .16
where the pulsating component poten tia l, /p, was considered 
in sections (2*4) and (3-2)* Wo have the fo llow ing 
equations fo r  the d irect f ie ld ,  u_.,
( 3 .3 - 1 )
However on the plane, z ~ 0, we note that fo r  continuity of 
^eYond ILe disc surface,
rf* zr. 0 on z a O.j p > a ,
1and hence ?'0 on z *3 0, p > a o (3.5-2)
From the above condition, we know the incident f ie ld ,  u-x
at the b a ffle  edge, p ~ b , which w il l  be required la ter*
We now proceed to apply K e lle r5 s ray theory to determine
the d iffracted  field*- nr every poiirc on une uaxxxe cage an 
in f in ite  number o f d iffrac ted  rays .are produced according to 
the lav/ of edge d iffrac tion * This states that each 
d iffra c ted  ray makes the same angle with the edge as the 
incident ray; but these two rays do not necessarily l i e  in 
the same plane*. Thus each ray incident on an edge would 
produce a cone uf d iffrac ted  rays, with vertex at the point 
of d iffra c tion  and of half-angle equal to the angle of 
incidence*.
However, in th is  case o f rad ia l symmetry, each incident 
ray h its  the b a ffle  edge normally and therefore the cones 
degenerate into discs with centre at the point o f d iffra c tion , 
ly in g  in a plane, normal to the b a ffle , as illu s tra ted  in 
F ig *17 o
in f in ite  number of 
d iffrac ted  rays, 
spreading out in 
the form of a disc.
Fig* 1 7
I t  is  shown in K e ller [4] that the f ie ld ,  u, at a point on 
a ray d iffracted  from an edge is  given by
2.
f'i  1 8 ilE<s+V
_slp£+sTj ® • 5 (3=5=3)
where s is  the distance along the ray from the point of 
d iffra c tion  and k is  the wave number* The factor
A exp* ( i k y )  is  assumed to be proportional to the incident; 
f ie ld  at the edge and p^  is  a radius o f curvature o f .the 
wave-front normal to the d iffrac ted  ray at the edge* As 
shown in Appendix P, p.} is  given by the formula
a
p 1 i *-1p sin pCpp sin p + cos &T~ ‘ , (3-3*4)
where p is  the radius of curvature of the edge, 
p is  the angle of incidence,
[3 is  the derivative of p with respect to 
arc length and 
6 is  the angle between the d iffracted  ray 
and the normal to the. edge«
Thus, in the case of the b a ff le ,  we have p ~ b, p «  rc/2,
c
p =s 0 and, therefore,
T>
.L cos 6
In terms of the Incident fie ld ,equation  (3*5*3) becomes
u. = 7ii (b)B(e,a)Cs(l+pb1« U  ” eikS » (3=5=5)
1 3 5
where, the d iffra c tion  coeffic ien t;, T) r depends on the 
directions of the incident and d iffracted  rays and the 
nature of the d iffra c tin g  edge «• For a scalar f ie ld  
satis fy ing the reduced wave equation, D is  given by K eller 
as
D(9 ,a) e7ti{ 4 ’ 
2(2nk) 8 sin (3
1 1[sec w(9«*u) ± cosec ~r(G-;-ot) 3d- c.
In the case o f a r ig id  edge the pos itive  sign above is  
taken* The angles, 0■and a, are defined by establishing . 
a plane normal to the edge at the point o f d iffracv ion  and 
projecting the incident and d iffracted  rays into th is plane* 
Then the angles between the normal to the edge and these 
projections are 0 and a respectively , as shown in F ig*18-
f—tx 7
0
T
ineulebfc r u
J
Fig*IE
The to ta l d iffra c ted  f i e ld  produced at an observation 
point, P, is  the sum of the f ie ld s  on a l l  d iffrac ted  rays 
passing through la  Only the two d iscs ’ o f d iffrac ted  rays, 
which are produced at d iam etrically opposite points on the
t
b a ff le  edge, l i e  in the same p lane*. Therefore only two
r\ A *P *fJv* o O yt Y>p ~r c* yn o o c* *f~1q r'Ai *i rein n\ o pin ’I'w n Li ^  *h P « *{-*H s\ r- r% *fNA/v/A 4-*f\ *-\
W  W « .  W , U , J «  I , /  V / V A U . U  j - '  -*— L-i. VJ -w  Jka» U . ’U W *
nearest and farthest iioints o f the b a ffle  edge* This 
applies to a l l  observation points except those on the axis, 
/ «  0; where an in fin ite  number of rays pass through each 
point, coming from every point o f the d iffra c tin g  edge *
This axis is  ca lled  a caustic of d iffracted  rays,.
We now proceed to compute the total, f ie ld  at points 
o f f  the axis, <z> «  0* From equations (3®5-5) and (3*5®6) 
we have
i
ug(r ,/ ) £ udCb)D(0,Ti/2)[s(l+pp,s)] e3is , (3 ,5 ,7 )
where b and the summation is  over the two1^ " ~ s i t  0" 9
rays passing through to point ( r , / ), as illu s tra ted  in
F ig+19 e
P
Fig* lc|
tnn»
Therefore equation (3*5 - 7) becornes
u■ (b )e ljl'A  T iks~ Bn sin 0 - i
U ( r  t. }’./) . TO | 0 ~ (  a (  J_ *,-> nmMrwwwnl I V
8 . 2(2idr)H L ' i
X (sec p-(0^-it/2) -i-.cosec 4(0\+5t/2)}
iksQ _ s0 sin 0_ p -i, . n n 1
+ e ^ {s g fl {sec |<0^-u/2) + cosec g (02-i-Tt/2)}j *
(3*5*8)
To find  the fax f ie ld  amplitude of th is d iffrac ted  f ie ld ,  
we le t  x* ■+ °° and obtain the approximations
u (r ,/ )
,v r - b sin /
s2 & ■ r  + b sin /
0, rv/ TC + 4
CD ro
/'v/ K *™4
l equat ion (3*5*8) l '
u..L( t ) eilcr / b \*
(mk)B. r ysin p J
' -ikb sin d e 1 \<vr»JTirt.Oflw-r, t.n viman'tf•“y w ( r » s » ^  lcos p/2-s:i.n p/2 J
. Hkb sin / xe cos p/2*sm p/a J
a.nd hence the fa r  f ie ld  amplitude is  given by
fo r  / / nx/2 ,
138
Tr_ ikb 
U i(b) ~ — g^g—  j x (ka) .
Equation (3*.T9) gives the amplitude due to singly- 
d iffrac ted  rays only* We must now consider cases of double 
and multiple d iffra c tion  which also contribute to the to ta l 
d iffrac ted  fie ld *
where, from equations (3* 2<*3) and (3* 59 2)*
' X  a '
v X N I I  J a b
Fig*,3X>
Referring to 3?ig,j£o, one of the rayrs from the disc o f 
d iffrac ted  rays produced at the point A, trave ls  back along 
the b a ffle  surface to the opposite point B, where i t  is  
again d iffracted* The same happens at B and th is  process 
continues giving r ise  to doubly and m ultiply d iffrac ted  
fie ld s *  The f ie ld  on ray 1 when i t  reaches B is  given by- 
equation (3 «T 5 ) with s ~ 2b and 0 ~ )c/2* Therefore we 
have
tu CtOe711^ '  p . ,  h 11 21KD/ a, \*ww' « vrtw*s«ai»iKi!iir 8.^ rjt4.VM«a 1 y  JF ield  on ray 1 at B
.c r ^ 8
(1})eaiKb-iti A
— . 1.3 . 5 .10)
2(irkbU
The f ie ld  &u« to double d iffra c tion , , can. now be found 
using expression (3®5®10) as the incident f ie ld  of equation 
( 3 * 5 * 7 ) ') which give s ,
u .(b )e +2ikb- 7ti/4 * # . .. .i lkg
ip (r  *p/ «  — 5hD ( 0, tg / 2 ) C s (1.-r p-i s) J f,'e *
2 (kIid ) 2
(3-5*11)
Employing the same approximations as before to obtain the 
fa r  f ie ld  amplitude, we find
t
h  ( />  =  Ik G h & lM ' tr .ces^ /a  cos (kb
\  i t k  U i
*i- SYia c h S i  A (  n il ^  '"n"'tl/h/ ] «
and comparison with equation (3*5*9) shows that
Fa 00 F^(p) * ( 9*5 *12 )
2ikb-7ci/4
d" 2 (ukb ) 53 s
Sim ilarly fo r  t r ip ly  d iffra c ted  rays, the incident f ie ld  
is  given by (3 *5 ° ll )  with s = 2b and B = ti/2, the summation 
being only over one rayc Using th is in equation (3® 5*7) 
gives
4ikb-*7ci/2
F, (<0 «  F (pO
The to ta l fa r  f i e ld  amplitude o f the d iffracted  f ie ld  is ,  
therefore
A .00 = F 00a ' s
e2ikb-TCi/4 04ikb-7Ci/2" • . ,^/p  '
oCOdO '^^)
2 (T t k b )e 4rckb
fo r  / •/- 71%/2 t
( 3 ® 5 * 1 3 )
As previously mentioned, equation ( 3 ®5*9) becomes
in fin ite  at / 0 because an in fin ite  number- of rays from
every point of the b a ffle  edge converge on th is axis* I t
is  shown by Keller [4 ] that F (/ ) can be corrected on ands
near 0 ~~ 0 by using an exact solution of the wave equation 
which, when expanded asymptotical ly  fox' 3 urge kb, shoi'*■ d 
correspond to equation (3®5«8)0
Fig. 9
'To do th is we f i r s t  find  the f ie ld  at points P near the 
axis* Hence fo r  small 0  and p ,  we see from the diagram 
that
01 -  tc/2 + 6-l , d p  ~ ti/2 4 6p , 
tan ~ j--.-/— tan 60
1 D — p d  D 4 p
s-^ «= x  sin 6 ^  4 ( b - p ) c o s  5 ^  and s^ «  x  sin dp 4 ( b + p ) c o s  &2« 
These relations lead to the approximations,
1o p X
•and# as p .v Ov ^ s0 & (x “+b’““) {a and
-••d x6-j 'c 6^ j re tan ’ ^  , 
which when substituted in equation (3*5*8) give
 ^ c-x-j\ . "i.-------------- b * 2 cos (kb cos 5-'K/4)
I I  \ . p i'JJ w’-S} wewMAt*Tj.-«'jkua |*> i>>uuwrw^»i-W'«»M?Gia<r^ w R .\> i'■» h *<•«w.i*^ewHnrss>Ave
? (2rtk>*0.2+’o2 ) 1/4 P coe 2
(3.5.14)
V/e now employ the resu lt o f Appendix (IV ) o f reference [43, 
where an exact solution of the reduced wave equation., having 
an axia l caustic, is  expanded fo r  large .kb, and i t  is  seen 
that equation (3°5*14) can be corrected near the axis 4  -■ 0 
by m ultip lication by the factor 
“| x.
g-(2'/t-kp cos 5 )Bsec(kp cos 6~tc/4)J (kp cos 6) o
Thus (3 «5 «14) becomes
u U b )b h o d & e ik F 4 i d
7i (P ) « ----s— _ _ — W-Y72:   J (kp 008 6) . (3=5.13)
. (x2+b2) 1/4 cos 6/2 0
In the far f ie ld  as r  4 «>, we have
"t) ftcos 6 »  — , x & r  , sin / re and cos ^ k  ?■ ,
x  X ^T
and equation (3.5*15) reduces to
FCJ(pO ~ ”  Uj (b ) b 2B JQ (kb sin /) fo r . small ?' *(3*5*16)
Equations (3 *5*9 )3 (3*5*13) and (3*5*16) give the fa r  f ie ld
everywhere except on the s ™ 0 ;plane ‘where J.i'0(/ ) again 
becomes in fin ite *  This fa ilu re  at the shadow boundary is  
caused by breakdown of the d iffra c tion  coe ffic ien t there, 
and although some work has been done in reference [11] to 
obtain a c o e ffic ien t va lid  at th is  boundary, the present
rt rs r~v •{•* *V*» .** M N Vl r» /\ 1 .'T.’l'l rf. *!“I \  • K '*** 1' *3 rv .-k * v 1— ■*— <*v *  ^ «•> »U- "t> -• ->*■*
u a D C  y j j ~  x j j . ^ . u u . c i x u c  a . L V i A g j  u i i c ;  u a i i  - L c  o a n a v o *  j i c »  b  i t y  t
treated*
• Comparison of the expansion (T  T Ip )  with equation 
(3*4*24) o f the previous section shows agreement fo r  the 
f i r s t  order terra, but, fo r  higher orders, terms appear in  
(3*4*24) which are not included in (3*5*13)- As stated 
in the introduction the geometrical theory does not seem 
to take into account a l l  contributions fo r  both singly and 
m ultiply d iffrac ted  rays*
We w il l  now calculate the f i r s t  term of che radiation 
impedance expansion, using Kellers method, fo r  comparison 
with the resu lts obtained in the previous two sections*
The impedance due to the singly d iffrac ted  f ie ld  is  given . 
by the de fin ition
z , ss -  P u (p)ds ,
Vua piston
and hence we require the f ie ld  u of equation (3*5*8) at— S
a point, P, on.the surface of the piston
Mg. 22.
1 4
From Fig,, %% we have s  ^ «  b - p ,  Sp = h + p and thus from 
equation (3*5*8),
U„(p)
u, (b )eTCi/4
(2nk)
ikb ■ikp/ b Y * . elk|Y  b VI »>}. ' « I »]« Sdiva/xtt.wuni1 .4 I
V (b -p )P;  i  L(b+P7 P//
which gives as
4ik ikb+
—  9  u
d Va2
4 «iC b )b » a L ikp *  elkpo«i . 
( 2?ck) s o j (b - p ) s i  (b + p ) 8 j
(  ~A S 1 H N- \ ,v 0 b » ( /
The f i r s t  tern o f the asymptotic espansioii of the above 
in tegra l is
ie~ika ikae-rf- | —--  —---  n«u Mr vr*Ttw-» ttix ,I . . A , . A j ?
k b n (1 ~a/b ) 8 (1+a/b ) 8
and fo r  a/b p «  1, equation (3*5*1?) becomes
2 ikb2iJa (ka) e‘
'd
/. ‘»ika+n;i/4 . ika-ici/A-N*”* " ■ vre *•" le  J ,
kb (2'ftka) 8
a fte r  substituting the asymptotic form of u^c The to ta l 
radiation impedance, z 5 is  given by
2 i J 2(ka) e2ik’° • 0
z 2z2 -  ——i —^g—-----—  -I- OCOcb)-*] (3.5.18)
which agrees with equation (3*4*2?) to th is  order c i 
accuracy*
(  3 - 6 )  NUMSRIOAIi RESULTS
From sections 3*3 and 3*4 we have high, frequency 
expansions fo r  the fa r  f ie ld  amplitude over’ the range of 0 
not including 0 w 0, n/2 , n e tc0 Numerical values fo r  the 
d iffracted  amplitude, A ^ (0 ), are eas ily  computed from 
equation (3*3*58) and equation (3°3°64) supplies the 
correction in the 6 -• 0, tc axis* Thus there remains the 
problem o f the amplitude on the shadow boundary# 0 ~ tu/2- 
However# returning to the in it ia l  treatment (Chapter 2) o f 
the b a ffle  problem# we have from equation (2-2*2) that
~ ~ on z " 6 Ian P '> b -
Thus in the fa r  f ie ld ,  p •+ <*>, A1(k/2) is  also zero- This 
leaves only the contribution from the pulsating component, 
ApCn/Z.) <. This is ,  in fa c t, also shown by equations (3*3*42 
and (3*3*41) in which the factor cos 0 appears giving 
■^ 1 o(>/2) "  ^ i n(n/2) = Oo We therefore have the to ta l 
amplitude on the shadow boundary
A ( k / 2 ) ~ A . ) (tu/ 2 ) -
Results for* a ~ 20, 40 and 8 ~ 0.2, 0*8 given in 
Tables (18 21) and Figs- (23c" 26) show l i t t l e  variation
with the in fin ite  b a ffle  solution, 2A^- Devore et al* [12] 
give fa r  f ie ld  amplitude values fo r  a *= 1.0 in the d irection 
6 - 0 and we compare these with our resu lts from equation 
(3*3*64) in Table 22*
Many radiation impedance results fo r  high frequencies, 
computed from equation (3*3*75)j were given in the la s t
the resu lts fo r  a ~ 10 with those given in [12]* 
are shown in Table 23 together with the percentage 
c liff er enc em
These
14
D? A 33 L 35 18
Fax* f ie ld  ampl.itude values fo r  0:. - 20, 5 0*2
0 Re(Ad) 
X 10“ '5
Im (Aj)
x 10*"5
2Ap(e ) 
X 10~'2
• IAI 
X 10“:
0 -0*191 -0*425 -2*000 2 0 002.
U-/18 0*078 0*167 -1.882 1*874
tc/9 -0*065 -0.132 -1.56? 1,574
71/6 0*056 ‘ 0*117 -1.153 1.148
P.n/9 - 0.037 -0.109 -0*745 0*748
5n/18 -0*020 0*06? -0*410 0*412
iz/3 0*113 0*081 -0*176 0*165
7u-/18 - 0*032 -0*142 -0*032 0.035
4tt/9 -0.187 -0*316 0*043 '0*055
ti/2 - 0*066 0*033
5tc/9 -0*187 - 0*316 0*037
H tc/18 -•o. 032 —0 * 142 Do 010
2n/3 0*113 0*081 0*014
I 371/I8 —0.020 0.0 67 0.007
7tt./9 0*037 -0*109 0.012
5tt/6 0.056 0*117 0*013
8ti;/9 -0*065 -0*132 0.014
17tcA 8  ' 0*078 0.167 0*019
7C - 0.191 -0*425 0.047.
I  A B L E 19
Far f ie ld  amplitud,e values fo r  a nr 20, 0 *-s 0«8
0 Ee(Ad)
o
x 10
lm(Ad) 
X io ‘~2
2Ap(0) 
X 10~2
j Al
X 10"1
0 0 .1 0 5 . 0*233 - 32*000 3.19
%/IQ -0*043 -0.091 -  9.601 0*96
u/9 0*035 0*072 4*009 Or 40
n/6 - 0*030 -0*064 -  1*877 0*18
2 k/ 9 0*020 0.060 0*161 0*02
571/18 Go Oil -0*037 1*042 0*11
71/3 -0.062 -0.044 — Do 502 0*06
GO<£c^- 0*01'/ 0.078 - 0*868 0*09
4n/9 0.102 0*173 -  .0.534 0*05
tt/2 - - -  0*361 0*02
5ic/9 0*102 0*173 0*02
llit/18 0 *0.17 0.078 0.008
NX\£OJ -0.062 -0.044 0.008
1371/18 0*011 -0*037 0.003
7it/9 0*020 0*060 0*006
5w/6 - 0*030 —0. 064 0.007
8w/9 0*035 0*072 0*008
IV ii/J.8 -0*043 ‘ - 0*091 0.010
1C 0.105 0.233 0.025
\
1 4 8
T  A. IS Jj dX)
Far .fie ld  amplitude values fo r  a  -  40, j3 = 0 ,2
0 Re(Ad)
K 10~“5
Tm(A^) 
X 10“*5
2A2(0 ) 
X 10’“'“
IA!
X 10’“'
0 ■ -0.55 0*62 -2 *00 2.056
tu/18 -0.18 0*19 -1*554 1 + 573
-H/9 -0.12 0*14 -0*629 0*641
n/6 -0.10 0*13 0*066 0*056
2it/'9 -0.12 0*11 0*264 0.252
5U/18 -0*06 -0.06 0*163 0*153
n/3 0*16 -0.05 0*015 0*031
771/18 -0*22 -0 *02 - 0 .0 74 0*096
471./9 0*39 0*43 - 0*109 0*082
Tt/2 - - - 0*117 0*059
5V9 0*39 0*43 0 + 057
1171/18 -0*22 -0.02 • 0*022
27T/3 0.16 "O .05 0.017
1371/18 -0*06 -0.06 0*009
7V9 -0*12 0*11 0.016
511/6 -0*10 0.13 0.03.6
85t/9 -0*12 0.14 0*018
1 7 -f/lB -0.18 0.19 0.026
TU -0*55 0.62 0.083
a? A B I, E 21
Far f  i  o 1 d amp i. i  tud e values fo r  a It -£■ o
«v
7 'CD 0.8
0 Re(Ad) Im(Ad) 212( 0) S A 1
X 1CT4 X 10~* X 10"* X 10"v“
0 3..97 -2.80 - 32.000 31.960
7i;/18 0 . 8.1 -0.85 3.890 3.898
Tt/9 0.53 -0.63 0.982 0.987
ic/6 0.44 *~0.57 -  0.361 ■ 0.337
2tc/9 \ o .54 -0.48 -  0.446 0.441
5K/18 0.29 0.26 0.414 0.417
rc/5 -C..72 0.21 -  0.340 0.347
Vic/18 1.00 0.12 0.264 0.274
W 9 -1.79 -1.97 0.180 0.162
k/2 ~ - 0.033 0.027
5tc/9 -1.79 -1*97 0.027
1117/18 1.00 0.12 0.010
2ic/3 - 0.72 0.21 0.007
13K/1 8 0.29 ' 0.26 0.004
7ic/9 0.54 -0.48 0.007
5K/6 0.44- -0.37 O.OO?
8k/9 0.33 -0.63 0.008
17ir/18 0 .81 -0.83 0.012
IX 3.97 -2.80 0.049
................................ ..
150 i
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T A B L E 22
Comparison with resu lts given by BeYore 'c! 0 cL.i. [12]
fo r  the fa r  f ie ld  amplitude in the d irection ,
0 , fo r  ex. = 1 0 .0 .
P 4, A .2oc 1A i % d ifferen ce 
with resu lts from f ’>2]
0 .1 0*5705 2
0 .2 7.066 2 „5
0.3 25*66 2*5
0.4 61*75 1
0*5 135*1 2*5
0 r.6 292*7 3
o c? 599*4 0*6
0C8 1091 3
0.9 1739 3
o«r i 2524 2
T A B L E 23
Comparison w ith resu lts obtained by DeYore et a l [12]
Radiation impedance fo r  a. = 10*0
(3 Resistance % d ifference 
with [12]
Reactance % d ifference 
with [12]
0*1 0*4074 0*05 0*6390 0*0
0*2 1*0056 0+1 0*525 6 8
0.3 1*0828 0*2 . 0*1547 •13
0*4 0*9411 0 + 05 0*1218 8
o*5 0*9825 0 ro 0*1740 6
0*6 1*0309 0+2 0*0908 10
0.7 0*9610 0*1 • 0*0676 5
0*8 0+9855 o*7 0+0999 3
o*9 1*0160 0 + 5 0*0693 16
1*0 0+9931 0*3 0*0532 ■ 16
1 5 2
Far Field Amplitud
& = .o
' v k
Par H e ld  Amplitude, | M & \  , fo r  o i  = 40, f a  - 0.2
PIG. 25
A
0 -  O
1 5 5
156
R E F E R E N O  E S
1 o JONES, B. S, Quart * J* lech* Appl, Math* 18, 191 (1963)*
2c WILLIAMS, W.E., Proc. Camb. Phil* See, 71, 423 (1972).
3* LEVINS, H. 8 and WU, T . I . , Standard University,.
Technxcal Heport No. 71 (1957) •
4. KELLER, J.B., J. ApplV Ehys. 28, 426 (1957).
5. OBSRHETTINJRR, F. , J* Res* Nat., Bur. Stan. 65B, 203 (1961)
6. COPSON, S o l . , Asymptotic Expansions* C.U.P* (196?) p. 24.
7. JOKES, L .S ., Comm. Pure Appl. Math... 9. 741 (1956).
8. JONES, B .S ., Proc. Camb. Ph il. Soc. 61, 223 (1965),
9c MKHLIN, S.G-v, Integral Equations. Porgamon (1957) e
10. JOKES, B .S ., J.'Math. Phys. 43., 27 (1964).
11. LEWIS, R.M. and BCERSMA, J. , J. Math, Ifcys. 1C, 2201 (1969)
12. BeVORE, R.V. , IiOBGE, B.B. , and K.OUYOUMJIAN, R. G. ,
J. Acoust. See. Am. 48, 1128 (1970)
157
C H A P T E R 3? 0 TJ R
DIFFPAOTICN BY A RIGID DISC 0)7 IDE
FIELD DUE TO A POINT SOURCE
OP SOUND
158
We consider5, in  th is  Chapters the problem of a point 
source of sound situated at a height, h, above the centre 
of an acoustica lly r ig id  disco This problem has been 
studied previously by Jones [1] fo r  low frequencies and by 
Hansen [2.1 fo r  high frequencies« Also fo r  the special 
case, h 0 , o f the source at the disc centre} results 
obtained from K e lle r ’ s geometrical theory o f d iffra c tion  
[3  3 are available *
The problem is  solved here fo r  high frequencies by the 
in tegra l equation technique, due to Jones end Williams, 
described in Chapter 3 fo r  the ba ffled  disc problem*
Higher order terms fo r  the fa r  f ie ld  amplitude than those 
obtained by Hansen are found and the lim itin g  cases o f h 
tending to zero and in f in it y  examined*
We use cy lin drica l polar coordinates (p, 8 , z) with 
orig in  at the centre o f the disc, which l ie s  in the 
z «  0 plane as shown in Figure 2-7 <
A
li
" Z -A. O
Fig, 5.7
We begin by normalising a l l  lengths with respect to 
the disc radius# a, and hence the incident f i e ld  radiating 
from the point source is  represented by
r*j X
tt ■ /A exp*. L'"\i<:>:.(fF-f( zvb.) ") /}x -v
ince. 5 ' r 2 . ,v2-ip-
together with a time dei>endence factor of exp*(io>t),
where a - lea *
The to ta l f ie ld ,  lu is  given, as in Bauwkamp [4 ], by
U(p,z) s lbnCc(p ,z)-B / (p ,+s) j * ^ ^ , (4ol=..2)
0
where 4 represents the d iffrac ted  f ie ld  due to the presence 
of the disc*. The quantities, IT# U. and 4  a l l  sa tis fyXXIC* r
O O
the reduced wave equation (v^+a )U - 0, and the to ta l f ie ld ,  
tJ, must be continuous across the s - 0 plane beyond the 
disc (:Ue* fo r  p > l ) „  Thus from equation (4*1*2) th is  
gives r ise  to the boundary condition
4 ~ 0 on z ss 0 ,  p > 1 * (4*1*3)
i ls o ,  since the disc is  r ig id  we have that
/SlT. \
( fo r  0 < p < 1 c (4*1*4)
Z—0 \ 02 /z=0
From Green's theorem, and making use o f condition
(4 «1 «3 )» / is  represented in the upper h a lf plane, a .> 0, 
by
« * >  -  i x w > ( S » X ,  « '
r< sj
hl
where the Green’ s function.
*y«
G ( r , r ‘ ) o % ■** «■*
exp®. C - ia ir -r1 ( ]  
Ir~a?51
Application of equation (4.1*4) leads to
au, \in.o * \
SZ tr ,0 2k z«Q
(4.1
The above equation is  o f the same form as equation (3*?>a*-0 
o f the previous chapter, and by applying the analysis 
leading to (3®3®8) we obtain the in tegra l equation
1 _ f  . ~ia(vH-v) e-ia(*w-v) Q
acaLsauOrai €«J c.*wwM«*v«»s.x*i£,vrt«-rc*n-.-.(tw / 71 TaT •“{ ( r  _ { / - ( /[{, A J _
W * V  V i - V  ' 5 M U .J £>(w) I *»' <'0 G
where
G 2° ( v )
P i
v  ’  ' 2  \ i i / d l L  •> \p cos u\v u i ) h du p (  m cc/5  x\
*o (v  -u )1? ua o  ^ 9 / z«0
v cosh p .
(u -t )
Making substitutions sim ilar to those of equations
161
(3*3*10) end ( 3 *3 *1 3 ) gi'y'es an in tegral equation of the 
second kind
r M  A T 1 <*~iOT rV  t  A* Cr3( t )  A1 'iT I \? 1 r*’’ UfJ I itWV» «vl I r \ ^ A-jviprMWr!V.w I I I »JU i "•
3 W /  '* Y V l- t/  t+v '
:i.
LW\* - la v  V w) • ” 7  w V 7 i„ r*i -i '71>vn,%*..*v -s 1 f.» 1 «ww»w4Qt!,vwisia'A-^ xi','»« I I M YI) I i ' _ | /  >
v / w-i-v Vw-1/' 5
where the function Y0 sa t is fie s
U  , •>f  e- ia (w -v ) ~j 0. ,
0 2 (_ w+v w-v j ” 2^  ‘ 3 C i-u o ;
and Ct^ (v ) is  rela ted  to the poten tia l / by
,f s A -w 7  e3<xw PY  V T  e " iav . p“  A ( t )  e“ la ( 'b",v)
{/ } I  AM J OX OH t rfalsfirt V." » txixttin.«Tn>nnit I I rn**^ytwA, 1 tmutiiVmMnKM'. A  "\ r  I  CcaMni
1 U ' V M /  ^  U A  V-W
te WMWWOwxw.H s”«»| -f/H * TOrvi»'r* cSv **»*■— x„. . . , „ _ t —v a-u71 O N ' 0
A -v A 1 e10™ fV  V f  A (v ) e~iaVfl , ,  .  0s
\ w / 2 YV.1^7 v~w U
Thus, in  order to solve equation (4.1•7)' fo r  G.,, we require 
a solution of equation (4*1*8) fo r
c.
I f  we now consider the problem, of a point .source of 
sound situated above a r ig id  plane, we have the follov?lng 
equation correspending to equation (4*1*5)?
6 IT.
(  2
V «* A.=o 271
/ 0U \ *(f me c \ 1 BCt *
B¥ I 0 A k ' / ’d'J") , n as‘1Z^ U \ / 25 5 ~U —‘ Z“0
plane
fo r  a l l  p ,
where is  roe d iffrac ted  f ie ld  due to the r ig id  plane#
z = 0o Again; applying -the same procedure, th is  w il l
reduce to an equation analogous to equation (4*1*6), namely
f rf,(w)
O
-ia(w+v) ~i<x(w"*v) e  ■ e
“T m r ”*   wU\? dw -• Gvf(v) <
Comparison with equation (411*8), noting that equations o f 
th is  fcm  have a unique solution (Jones [ 3 ] ) ,  shows-that
W /*/1 0  >
The to ta l f ie ld ,  UT? created by a point source above a 
r ig id  plane is  represented by
v r = Uin c/P>z) 4 *l<P.+*> !  < 0<0 V
end by the method o f images, i t  is  eas ily  seen that
~ bin c*v and ~lence ^ ie required function Y^(w) is  in  fa c t 
the incident f ie ld  th (w ,0)*JjLlO c
Returning now to equation (4*1«n) and substituting
/1-sY: 
v v  ;Gx(v ) a j J (v ) e , (4*1*10/
leads to
-j 1a  e-2 ia t
J (v ) »  ^ tc J yi/ify jy r q a <Kt)dt
00 k (w)" ~iaw/ iT v|p miu o e (  vj \ 1 /1 , »i *> -1 n
Jx w+v kw‘TOl/ * * . ^
and thus 4 is  given in  terms o f J by
/ l-w\& eiaw l/ i \# fi-2 i«v
—J — g~ J \JFZvJ " " y ; *" J(v)dv , (4.1.12)
a fte r  employing formula (B 6 ),
s e iK 6 '2 i-h2 )ft
Ml I ? ] I J ( t'7 J —* »n»'ii¥ii«ui.«n in'vu-.wcsivawv.wew1'„ , »  _ v. « /
m o“ ' (w2+.h2) s
Equation (4*1*11) is  soluble fo r  large a 'by  the same 
technique os described in the previous chapter, section 3« 
We therefore employ the ite ra tion  scheme.
J (v ) a Z J (v )
Hal -a .
where
/ v  \* e“ 2 ia6 - v )
r i v  r  \ l + v /  J  ( w ~ v )  9  v ‘  9
^  -hcxy °yn . \-p ■ .
*-rjn (y) -  ‘~Tf7tT“  J* \ x /  e n'0:X ^(x jy )d x , n > 1 ,
•h
The f i r s t  term ^  (v )  is  given in th is case..by
( v ) - -  f~ u. (w) A i v Y8 a»1 o. me * v / w-i-v ^w-ly
x
. n iA  - ia  f“  e~ i« (l-2 i«~ w  > h ~ ) * e ~ « w  / i „ i w J
3-8 e .«»•--«—  —  -•— » dw
o  ( I  ~ 2 i w - w  ■i-h.'1 ) ( 1 —i v :  + v )  \  w /
o  a, - a w  ( 1  -i— • -
, ± -ioc+TCi/4 ^L «°° e (T u T) ** /w iw \T.
(1+h2)® J0 ( l - - X A ) ( l , . v™iv!) V w /
l+l'T
a ft  ex* use o f formula ( 02.)
where (3 ~ a ( 1 + — r
a+h2)®
Thus we have that
q ( v ) *™Xa‘r7T
«ia (l+ h 2) 8 “
oa'"VP
-- ±P^(l+v)
+
r(3/2) |-)
I + IT  2
v  / o  iU/ 2 (l+ v )
J i )  _  ,  0 (« -5 /2 ) '
2(l+v)-P3'
(4.1.13)
From the above equations, each ite ra te , J , can. be found.n
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-We now examine the problem of determining the 
d iffrac ted  fa r  f ie ld  amplitude, A (9 )? which is  given by 
(Cof, eq uation ( 3 o c41 )),
1
A (o ) w la  cos 0 J >d(w) J (aw sin 0) wdw «
o
The contribute on o f the f i r s t  two terms of equation (4.1.12) 
to A is  equal co A^(b) where
1
Aq (0 ) = iacosu  J U(w) J (atw sinQ) w&w
"o
+ — jJ J0(aw sin 0)wT3(l--*w) 8 e^ 'aV7 x
«» IJ. ( t  ) 0ral(XU ,  V J-me o' • / t  V
1*" W’«t
dtdw . (4.1.14)
The f i r s t  in tegra l becomes, a fte r  replacing i t  by
OO CO
J dw «  [ dw ,
''o 11
icx cos 6 f IT. (w) «X (aw sin. 0) vdw 
0 c
a cos 6 e
p  .1.
>:l.a(l+h )'t:- r ~ ... i X
( 2’ixa sin 0 )8 (1 +h2 ) 8
1it ( i  ... ,1  _t\ _
a \ 8l.ee sin 0/ i  r  sin 0 )
( l ’rh ) ^
—ih 
+ £ _ f i  
a
. iX/ 1 1\'ie  i™ ^ ‘^ v .
1+hC - c l
3in 0 7 /  1 , . «\  2/ j. n xpr a sin. 0 / a sm 0) 2
Cun2)* (l+h2)'s
1+h
1
2 ?)
a2'(—•---ivy-'jg- + sin G ) ^  
(1 -i la ) 8
♦ ircsA / >  >
r + O'hx * ; (4*1o13
where X ± ox sin G «* k/4 and fo r  sin 6 / 0 «
The asymptotic form of the inner part o f the second term of 
equation (4*1*14) is
“icc e «i(x (l*ii2)^  > r r . .
(1+h?)*
i/4 i f  l-w)(S “ e"'i (1 "‘w)x
J „ ----- V —X
r(|j)
■ 1 +h
and the to ta l in tegra l becomes, a fte r  changing the orders 
o f  in f e grat :I on,
cc cos 0 e*-ia
^  - (l+h2>*
71 du
o «2a U I X - i y R i l R / l e l f P d ^ 2
d + h 2) f
cos 0 _e
“  “ ™2 ~  '
»ia (l+h ‘ 0 B
'-"I* r  2 r(| )r(3/2 )e ix
Tt(l+h ) b(2k<x sin 0)^ (s in  0 1
(l-*br)
A -r) k 1”+' ' s x nW' j
1 * BTa'sln
%
gr(-|-)r(g/2) R“i x j r /x+i/Ci+h2)'/ ’8
fa in  B  t  ”  m  -  s2x iT_ y( si  0 -i- — .^*—3;.) 
(1+hf-) B
F s s n s l i v )
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d j , „  J i  P
o;(sin 0  - A * - r )  Vl+h2 2A  ' \ 1+ffiua 0 7
(l-t-h2)®
Xpx;k b
. ..  l * slii 6
\ l+ l/ (l+h 2)b
/ 1
a (s in  0 - •-TJ--I-J
, (  I-s in  0
'  A T d T u
o.
•(■ 0 (a "Y  .
(4.1.16) 
*
Addition of expressions (4<>I*13 and 16) give's the resu lt
A (0) ~ ia  cos 0 f IT.. (w) J_ (aw sin 0) wdwU b XJ.Jav c < O
, L  =oSe i d a e "ia G + ll2 )l , Y  d«
2wa(l+h2)^ (l+ l/ (l+ h 2) * ) *  Jo (l+sin  8 o o s u )^ 2
cos 0 e- ia (l+ h r") 8
(lih. ) i3(2'/na sin 6) 8 6 (s in  0 - l/ (l ib 2)-'
... e iX
3.
l+ l/(l+b.2) ^ ' !3»r*l .f'.nk - - -•.« W*V 1 J Jr«.V
l*vsin 0
x (1 + 1vsrweyttwt.V'8ia sin G
-IX
(s in  0 *3* l/(l*i-h ) 8)
A + i/ a + h ^ )^ ' /.£»rAaaxv{(»*>4 1 K A v m , l a w *  i « t t i t o i\.iS  I I J
2yk) \ 1-sin 0 J
1 'N
BIcT'Hn’6/
1+1)^  *y 
2a(sin 0 -l/ (l+h2) * ) 2
/l+.'L/(l+h2) a \ Y  1-i-sin 0 \1 -vx•** l.t-..vnXb‘iasivM '*fra I <.’* I myw+CTi*v.»«■('v x J
A  ! ♦ « »  0 J \ l . | .1 / ( l + h - ) 'M  .
. - i x r 1 Inxe (  — 9 yv
l+h‘- r“ f ± ± b i Q ^ 2I k
L I*~sih 0
 lyn in  0 i l l *
(i.+i/(i-ih2) V  j  y  
( 4 . 1 .1 7 )
The general form of the amplitude, A ( 0 ) ,  due to  the
1 o d*)M fpnm r\'P ri n o 'h rvn ( }\ *1 1 6^  •£* *•*k*k^  \J v»V* i^iA. v/a* v-rjJ, J . L . /  -t, O l  V> Ck V'VJ, J. U C U .d U ’J  s'
given 'by equation ( 3 ®3 *50) with  ^ replacing h «
. . , .1-n
fPne sauie
recurrence rela tions as those calculated fo r  the h^ s in 
Chapter 3, equations (3=3*52 «* 54), hold fo r  the 7?{ s , and the 
asymptotic form of ^  is  given in equation (4=1/13)*
Thus we obtain. •
\ ( e ) cos8e ^ T“  ■' e ^' .** r(i)r(?/ 2) du
it o:(l*eh2) B( l  * —  A ^ r F  o (l+s±n 6 cos u ):5/2
( l+ i/ p
COB 0 * e~*'LCCN1 tivas A14 tfrtitw.i.-A ’ ^ ui
7c(7to: sin 8) 2
IX >iX‘•c f  2 VJ *'** e f  2
( i - s in  0) v^l+sm 0 / v.l ms in 6 )  y l - s i  n 0
i _ .
o -:k
• i a  ( 1  * b h )  8 0« ia + 7 5 i/ 4 p  ^  y  j
2(l+ li2) 4a8( i  •«• -p !*«* > CtaNStiX*--**,
(1+h ) s
S>'
*2io:-i'Ki/4
■r 0 ( c f 2 )  . 
(4 .1.18)
Adding the above two equations,we have the to ta l amplitude 
due to the d iffrac ted  f ie ld ,
A (e ) »  Ao (e  + Aa (8 )
CO
~ iacosO  f U. (w) J (aw sin 0) v/dw
v .L.U.G c Q
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-ia (lN b F )B ~ 0 x
(X 1 / ( l +hC-)’a
(l+l/“) B (2/La sin 6) B
,-iX
( I i n  0 ) ( sin G +1/(1 +ti“ ) Tf)
. iX 1
C O S  0
(1+sin 6 ) 3 ( sin 0 -1 /(1 +'
I , «2ia+yci/4
(1+lY)"s( 2na sin 6) B (1 + •— ^ ( ua) *
(1+h
i . X
(I -s in  G) (1+sin 0 ;>J
+ e-dX
(1+sin 6 ) (I -s in  0 ) V  2 (ita) K J
1 - e
“•2ia+7Ji/4'“-
e»i«(X+b.2) ' ! Mg 0 -  -  e^ a + l/ C U h 2) *
**»iSiV*ir«G£/tS StA'raiiirtil'uvMo-: j, Jiv.i* N«.t*'V^a*X^&»'rt*na^«r~v''U£-'»nVa>ca» ‘ixk'i-v "Utteafc *> ,^-WTf v «.y WRm
(1+h ) 'r3( 2rca sin 0) B L s ia  sin O(l+sin 0) B(s in  0dL/(l-hh/) B)
8ia sin 0 (l«s in  0) B(sin. O+l/O.+h2) 1*)
. IX re
2a(sin 0*21/(1+31
f  /l+l/(X+h2) Y  , / ;■-•!• sin 8 V
W  I  ( - i T i s r r E  "
f  1 IN
ie -iX
3. v £
2or.( sin 0+l/(X+h ~)
f  / l+ l/ (l+ lY ) Y  ' / ly s in e  V I  x?■! V 1 w»onr.v»,*«j,w-'t-iv«wi.». «.-v».'np=5i I iii> I r»jMiBr&»7m9t^ w»(f^ Atw«t*ruteni I / A
I I{  l - s i n  0 J  l 1 + 1 / a + h 2 ) i /  3
X (  11 * tW A rm .s Jrn *  r I V ]
Vl+h2 2/ _
 ^* «™0.%+ Ola. e (4*1*19)
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From equation (4 .1 .2 ) we see that the fa r  f ie ld  
amplitude, Af])(3 ) v corresponding to the to ta l f ie ld ,  ‘0, is  . 
given 'by
A j e )  = Ainoj 6 )  + A (0) z > 0
.■ ), ■ (4.1.20)
a A. ( 0) — A(0 ) z < 0
5LX10 e
where A. is  the amplitude due -bo the incident f ie ld  alone■JLjULO o
Since U.^r< (p ,z ) s a t is fie s  the reduced wave equation we have
5 G\
me *
*
s
cm ±x). z 4  u
■1 / 0It \
h c . G  “ gtF. J ui n c . ( P ') ( '3 s 7  , 4
z~0 2 " u
plane
~ x o c r
Therefore, as r  -f> ««, % ac A.^^ ( 0) ,
00
where A..^^ ( 0) ~ ic: cos 0 J U^ nc<>(p f ) ^ (a p ^ s in  0) p*dp
n
which is  in fact the* unknown in tegra l of equation (4.1*19). 
Thus we see that these in tegra ls cancel in  tne shadow region, 
z < 0V and the to ta l amplitude there is  equal to the 
remaining terms of (4.1.19)• The f i r s t  term o f the shadow 
fa r  f ie ld  has previously been found by Hansen C2II and th is 
agrees with the present result* Also, by putting b. m C in 
equation (4.1*19) we obtain K e lle r ’ s resu lt [ 3 ] fo r  a point 
source of sound situated at the centre 03? a r ig id  disc*
I f  we le t  h tend to in f in ity  the solution should tend 
to that fo r  a plane sound wave incident on the disc along - 
the z axis, since
171
Uinc. -  4 “  * ®iaZ as h -  “
Using th is  condition in equations (4=1 =19) and (4*1 = 20), we 
obtain fo r  the shadow region
e'«icdi -j
A h - «
( 2n<x sin 0 ) 8
r  usjiX iX
H n V  a + s “  W S ‘ S 1  U -s in  e.)“ j
-iab. -2 ia+ iii/4
W W
h 7i:a(2 sin 0)
iX v
( 1~sin 0 ) 8 (1+sin 6 ) 8
r~. "2ia+7ci/4”l
J ,r, ,
L“ 2(rca)’Si
+ i ^ io a i
h(2no: sin 0) 8
iX(l~siu 0)8
4a'sin 0 ‘ \ ' 2 sin 6/
I  (-x + _ _ x ~ A  ® r h ( n s i i i „ e l !V ~ rt  0 / 4<x. sin 0
(■ 1 + 2’¥mT¥ * 0(a~V
which corresponds exactly to the f i r s t  three terms of the
plane wave solution (m ultiplied by the factor* an
which are quoted in reference [63* (p* 553)®
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3* K e ller, J*B*, do 8oo« Indust• Apple Math* 11 11X0 (1963)
4 o Boiivdcamp, C*J *, JR ep * Pr o g r« Phy s. 17 33 (1964 ) *“ KW>v»At| ^
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REFEREHCE8
C H A P T E R  F I V E
J
TEE PROBLEM OF AN OSCILLATING ELECTRIC 
DIPOLE SITUATED ABOVE THE CENTRE OF 
A PERFECTLY CONDUCTING DISC
( 5 T )  AN OSCILLATING ELECTRIC DIPOLE ORIENTED PERPENDICEDAR - 
' TO THE PLANE OP A PERFECTLY CONDUCTING DISC
Two electromagnetic problems are considered in  this 
chapter as further examples of the application of W illiams6 
adaptation of Jones1 in tegral'equation  technique fo r  high 
frequencies* The problem of an o sc illa tin g  e le c tr ic  dipole 
situated above the centre of a perfectly  conducting disc is  
studied, and, in this section, we consider i t  tc be .oriented 
perpendicular to the plane of the disc*
This case-has been treated previously by Storer, jj 'j etncL |2~] } 
where an in tegra l equation fo r  the e le c tr ic  f ie ld  in  the plane 
o f the disc is  solved by a varia tiona l method* Radiation 
pattern results are obtained in  [ 2~] fo r  points on and near the 
disc axis, The method given here, however, w i l l  resu lt in  
an asymptotic form fo r  the radiation pattern at points o f f  the 
axis fo r  large values of wave number.
We take the disc, S, to l i e  in  the z ~ 0 plane with
the dipole situated at a distance, h, above i t s  centre, as
shown in  Fig* 28; and we normalise a l l  lengths with respect tc
{ >
the disc radius,
The incident f ie ld  due to the o sc illa tin g  dipole is  given, 
in  terms of cy linderlea l polar coordinates, by the Hertz vector
,t‘ I  (to<-
H "  ( o  z )  ~  e -  Y  . ( 5 . 1 . 1 )
£~j- i *
'?  r  \ \where R = j; -j- y n ~ h ) ^
l
<X -  ka . -  67 ( U p £ ° ' )
and -jJA. 0 are the e le c tr ic  perm ittiv ity  and magnetic
penneability fo r  free space, respectively*
Since the problem is  axisymmetric, the only non-zero e le c tro ­
magnetic f ie ld  components of-the to ta l f ie ld  ( i  , e 0 the incident 
f ie ld  + the d iffrac ted  f ie ld  due to the presence o f the d isc) 
are , E  ^ and EU * From Maxwell’ s equations' these
are related by
E p  =  —- ___ L „  P J J f  ( 5 , 1 . 2 )
“6 6.P £5 o Z
-l CO
i  i t  f  P l b  )  ( 5 . 1 . 3 )
I
Hence a l l  components can be found from H x which sa tis fie sr
the e quati on
We represent the to ta l magnetic f ie ld  (c c:f, Bouwkamp j 31) by
<
Hj» ( I  , Z ) = H ; f y j z )  ±  F  ( j  } + z )  J / Y  )
(5,1/5)
J ■
where Hjjjj is  the incident f ie ld  and By the d iffracted  f ie ld ,  
For continuity o f H y across the z = 0 plane beyond the 
disc ( j; 1) 9 equation (5*1/5) gives
lY  ( P #0) -  0 fo r  o >  1 / (5 .1 .6 )
Also, since the disc is  p erfectly  conducting, we have the 
condition
E,? ~ 0 on the disc and benee from (5 ,1.2 )
C. "C
G ? O A d <C 1 , (5 .1 .7 )
Thus we require a solution of equation (5 .1 .4 ) fo r  Hy 
subject to the above boimdary conditions* In  the upper h a lf 
plane, z 0 , Hy is  represented by
where the Green5s function, G, is  a solution of. equation 
(5*1 <•4) s a tiafy in g
0 on z 0
The j-re© space Green■ s flinetxon, Gq, fore Gqiianoix \,3-’ .1*<4/ 
is  given by Morse and Feshbach I/Q? as
7  • - u - * ' i  , ,
ao ~ \ i l l  !di p ) 0\pQ '£- X oO
- ' /  A 1 -  ■ "J- A * 1o (A “  oi J
and, by the image method, the required function, G-, is
G 0 J  C W
■i^+2/i f / ~ r i
X J
and hence
2 "o
2  Z A Y
X iz 'y -2 -O
Therefore in  equation (5 .1 .8 ) we have
i i
| j k  i  )
(5 .1 .9 )
and applying condition (5 .1 .7 ) to the l e f t  hand side resu lts in
1 7 8
A further condition on H g is  given by i t s  behaviour at the 
disc edge, |> = 1.. This is  given in  Jones f 51 p, 568] as
H  ^ (1 ,0 ) .=  0* .
Equation (55*1*10) is  a special case o f a more general
equation in  which the factor -  V on the r igh t hand side is
f
replaced by m
f
(m an in teger)* We require a method of
reducing (5.1.10) to a form suitable fo r solution by Jones 
method fo r  large o( c This is  carried out in  Appendix E 
fo r  the general m case and thus putting m 1 in (E10) 
give s
j y~o v\T
7 A
' J *
O'
>■= eoSov(p'
d T - t
v T d /
J +
where
We now put
X G r )  = '
V
7/ i  K  ( V )
4j?'
A 1- '  
f */ —  i r ! J
(5.1.11)
(5.1.12)
+ 4  I K(f')d fsinotfr-v’P - )  cSp' . .
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and integrate equation (5-1.11) with respect to ^  to give
?
JL A ' F  C o s  u ((? --  vrt "  )
I T  r t n  \ (
V,
X * „ t'h- V) )
f
O _vI ‘
f
J
o
( i l k )
I  / 1
C{ 0
Z ~ o
where C, is  an integration constant„i
The above equation has the .following solution fo r  \  from 
Jones [4
f )  = . _  ( t [
5 j j  1
q  ~\-
o
I t
'  Z
C osU  ( A - Z f  S :
O d e I  ,
(5.1.14)
The righ t hand side, o f equation (5.1/13) is  o f the same 
form as the equation preceeding (3*3.6) o f Chapter 3, and is  
therefore reducible by the same process to the fo llow ing 
in tegra l equation fo r  ]<^ :
0
(  K (w )
-  - M  (w -vJr)
j s
~~slo( (wJ— Vf)
e dw)
J „  W t t r \V -
180
Vf
| c o s  c< A A A ) . d ' z
o
l—o
G r) SULJ
(5.1.15)
Again, by the various substitutions due to Jones ana Williams 
carried out in  Chapters 3 (section  (3 ,3 )) and 4, tbs above 
equation can be converted to an in tegra l equation of the 
second kind suitable fo r  solution fo r  large of e As before 
i t  w i l l  transpire that we need to consider the problem of 
find ing a function, U, sa tis fy in g
c V j
V
4-  0v V
y
i 3u  — g  __ ~'r  d  % ll
ri f  i f
■= O
and the boundary condition
( 5 . 1 . 16 )
Z~o
ap ( 5 . 1 . 1 7 )
Corresponding to equation (5.1,10) we have the fo llow ing 
representation fo r  U
Z ~ O
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which reduces s im ilarly  to 
(P
I - i ’oi (U) 40")
e
to 4- kr
au;
.7-
egSj^ ( y ; Y z t
o  ( / - z )  z (5.1.18)
where
V
< p >
f
i f t
f
d ,  +
t
o
c t t Cas k c iC  P % c t /
7  7
L w^ * to J
4
(5,1.19)
and d W ~  U. £u>\
*3tu
We now le t
/v \  I w + \r)
i M  ! e
■v6o£ 6o~ir)
VJ-tU" W— VT
d W
vr
(5.1.20)
c o s  o(. i d - A L V  d ' 9  
( v d - z F -
(5.1.21)
and
-*<*£w*vr)
o
VM-VVT
e
(to -\rj
vo — vr
a W
\r
-  . -  \ CoSd  C v r h - L  L
0 (y z~ 2 )
t '(5.1.22')
wbe re
f
i f t  F g - c , , ]  c A o t f f - t i 1- A i  
f  J
J o C ( ~  f L )
(5.1.23)
Therefore. from eq.ua.tion (5.1.15) we liars
K  -  K (  H r H -
i f =  H  l i ) j (5.1*25)
Making the usual substitution in  equation (5*1*21) in  order
to.convert i t  to an equation of the second kind,
i . e .
K M  e
-uk(w~'S) .
Op
W
o
(w - u j
t  % ( X e  
J  (w -\ r )
X « (uMr)
C(U)
leads to
I
!/, —/otU
j w Y  ^VT J y f  ^ | -t
0
' 7 ' "  C M  2 *  d t
tr-ivr
CX?
»4 -lUv- r  r
JrHf\ e
VJ~ -3
voJ C
•/Ct W h
GO \ u! id *
UMnr U,U
K/ \
Zf'ZT7
( 5 . 1 « 2 6 )
where ' f . 3 satisfies
oo
(w )
—t oi. (w-vuk
e*
—(1? (to -tr)
U)-V \T
aw
•‘.v- \ y.
CoS k' R C z ) 1' i > i z ’v3 i
( v r h / > F :
(5.1.27)
3 omparing the ab ove e quati on wi th e quati on ( 5.1.18) we se e. 
th a t' •; -ANr/tUT'cbbYi Yi::- 7 •'•: ’ . • •/ .
%  M  =  W  M (5.1.28)
Thus in  order to solve (5.1.26) and hence find K| ,
we require the solution, U, o f equations (5.1.16 and 17),
which in  fac t describe the problem of a dipole situated above 
«
a perfectly  conducting plane.- To obtain the solution we use 
the method o f images and introduce a dipole pointing in  the 
' —- k  d irection  at a distance, h, below the plane as 
shown in  Fig. 29. This ensures that: the tangential e le c tr ic  
f ie ld  component is  zero on the plane, which is  the required
6
-  I tK
F - i  rr> OH
Defining the to ta l magnetic f ie ld  as in  equation (5♦1*5),
the required function, IT, fo r  this problem corresponds to Hy
fo r  the f in ite  disc problem. Thus equation (5.1.25) is
sa tis fied  fo r  a l l  j> and we . see that
U , ja on 2 = 0,
Equations (5.1.20 and 28) then show that
M  =  I t f  J ' ,  o )  =  ~ - i 'o d £ c .  4  T U fw .o )  ... 
dw cuv
•Jrr K.
-slot |\0
;  “ oand ^  — —J. CO * R2 ^ v/2 + h2
(5.1.29)
Having obtained the function, , we can now solve
equation (5.1.26) by Jones’ ite ra tion  process and find Kj
We note that, apart from the factor — L 0 3  , the function
4 -r r
^2> . is  . the same as calculated in  Chapter 4. Thus
K|* is  given by equation (4.1.12) m ultiplied by this factor; 
the same iteration- scheme being employed. We therefore have
\j r \ . - jw  IiY  ^ { k Xotw
Ki(.w) — - ~ i _ C o  u — ^c c q  f  l - ~ w ) G y
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H Y ( u/)
002. -Mu) r II. . — 2-Mb
hw\ e
W y T f
y h V  l t d - )  e  i t  ;
o
C e-w j
(5.1.30)
where H replaces L and h replaces 1 in  the scheme 
jjl “* n n jOl
o f  Chapter 4, and h^(v) is  given by expansion (4*1.13)
m ultiplied by the factor, CO . .
‘ 4-tt •
1 rS • h^  (v ) rJ
4 nC/A C1+W
-A CO © h __
4 m  O k X
A
r r x )
7 - T t 34 )  (d / fi-t-b ) ~ A . )  ~ f r X )  4 - o  X
^ 7 - f i \ . A  :
( 5  *! (d v r } J!
(5*1*31)
where
p
3 -  oC I -H-
To complete the solution fo r  K  , and hence fo r  ty  , 
we require the function K ) as shov/n in  equation (5 .1 .24).
Rewri tin g  e quati on (5.1.22) as
K , H
- • tV v + b
e _____
Uj-t-tr
oi (_W —J-A A
' c l  tv
W -  r
,186
A. ( CoS oL (U-z) X A z  {  C o d ^ c i  ( z - t A  A t  
9- J  ( / —z . )  '■ z p  J  ( z - b ) 1'2-
where A = ~ C^  , the r igh t hand side can he sim plified  to
vr '
■ a  j / y  t  •
-vr J
Comparing this equation with the corresponding one in  Jones [6] 
fo r  d iffra c tion  by an acoustically r ig id  disc o f a normally 
incident plane wave, we see that
kj.6w ) — 8- A  e ( w )  (5.1.32)
oL ^
where g(w) is  the solution obtained in  Jones* paper.
Since g(w) is  known, we now require only a method o f
finding the. arb itrary constant, A. This can be determined 
by considering the edge condition sa tis fied  by By 
We have from equations (5.1.12 and 24) that:
i
d ( Ki + Kx. ). = Hj, (1 -  i?2" ) 8 near the disc
dw ' edge, j> = 1.
Also, from -Jones [6], g(w) and Kj (w) both behave lik e  
1.
(1 -  w)e near w = 1 and we can expand these functions about, 
th is point as follow s:
g(w) = (1 -  v ,#  c  t ,  -+ © c t - /  +  o c t - w r ]
K, (w) = (1 -  w)'® C. ~v • Sg Ci-wj -+ o G - w E ]  ,
\
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Hence d ( K\ ) =
dw
-  1
2(1 -  w)~^ [
Jr. +  f t  %  1
*2.7 o{ —ji ;
near the edge,
0 ,
which, gives
A 2 -Cc< 2f, , (5.1.33)
' '■ ' T
This constant is  calculated in  Appendix F. '
We turn now to the calculation o f the fa r  f ie ld  amplitude 
fo r  the d iffracted  magnetic f ie ld .  Letting  £  —^
in  equation (5 = 1.9) , and using an alternative form o f 0^ o
given in [ 4 , p. 888]
' - 24T • .
S f -/o( Ic-F  I 1 /o — \ JEi________ dC& f  r\(j}
J  \ r -N i ‘ \
we have
I ITTII —ibl'T ' (  —. / /sih© ccS A
S l -jcc C/Z(g> ( (p )  £
r  a l  J J0 o
CoS <f f 'd f ' cU
and the fa r  f ie ld  amplitude, f\C€j) , is  then given by
f i ( e ) c/ c cS  0
0
c f ces© s ie  I k /0  H  (/te e ] j '  d ‘f
o
a fte r  employing equation (5.1.12) and in tegrating by parts. 
Substitution from equations (5.1.24 and 32) leads to
f\C3) =  ohos e  sik e ^  k\(j> 0 -f/ ) ^ ff Oj Do Ufdub d f .
( 5 . 1 . 3 4 )
i .
The contribution, > f^ om is  simply given by the
amplitude calculated in  Chapter 4 (equation ( 4 .1 .19 )) multiplied
by the factor — -c u3 ( —^ 'c(Sih © ) * ■
IVW
Therefore,
y\ / \ 1 7. • f  ~’Co? (w 4-(7 3  ^ .
P u f f )  ^  C< StuO COS0 I 6 ____  vvd'-y
4 tt JpvP - a /
- 4  (K k E  . ,
-60 e> su p  cose &
X TitA TT 0  + Y )  1 s;kg^‘//*
e
(k s ih ^ )v (s ih 0  -
*  1 I ■+ ) \  — . e T X (  J _____ ________
SusikO/ O-sik©) (sik© -+ 1 / (i-i-hA)
- f  i - j y . )
}'L  \ tioiZikfy
-Y Y I+ K D  , ~zw+m/4_
— Co <5- . . S i k 0  c o s © ., e -  .
4rr2' (k K vV'v R d ik e fy  I -t-
 ^ f \ ~  / / x
f  & ( txA  J  f  ( l - s ik & y f h s ih © / -
~ iX  
H - G -_______
(l-+Sik<S»)Tl'Sin0y
where x = c< sth.0 TT//j_  ^ 0  ~/k O z  ^ . .
Considering now the contribution from g( 
and making use o f the expressions for' gQ and 
Jones [6 ], we have
A2( ©  ) = f t Z )0 (d>
■ ( 5 . 1 . 3 5 )
j>( ) to A( ), 
^  given by
g J f O )  X
_ A
ycose>  y  / s ik © ) —  cos& sih&  i
TT
0O v
c  —IOC
3
xd
06
I ’( 1 )  — Y P f iz J <b ( /  7/wsupJ v / Y l - F lu .
T x v j
Asymptotic evaluation o f the above integrals.and expansion 
o f Sm&> ) results in
7 T
P tu o C e ) ^  < C o S &  S(Vi0 3 a n
rr ■ V540J C\'t Slk© Cc/SU.)
4X
C i+ su xoy
j ~i~ I
g'd.ksd i.o
-f- € t
Cl-S-ik©)^
_  i \
t -iX
~A O — — • „ +  (l+stX©)1]
_ (H-StkEO : . [
Yx
*  e f  2
4 cCS(K0 1  (l-SikfiY4 (5.1.3,6)
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The general form fo r  . A^C© ) is  given by equation (3*3*50 
m ultiplied by the factor ( — and with
oo .
ft -m/4. f f • A —o/tr .
h^(v) ■ = 65 \ f\-Ab\   e t
0J l  t  J (i-t-ir-y t j
The asymptotic form. o f h^  is  therefore,
. « ^ -*k -+TK/4
h j v )  rV ^  e r X ) -  r x )
c O  (l+ir) 3 .o (3/z(l- i -v j
Making use o f th is, together with the recurrence relations 
given in  section (3 *3 .), leads to the fo llow ing expression fo r
A2,i'i^©) }
r
O-5T(k0 C o s u ^ ^
Rd)W (-&) ^  — D $lk0 CoS' 0 O
rr
u
SI  CDS© 69
r r  (^ ih e V ^
—rtU-niA
I
—Xict +T{i/a
e
S. ( W j //2-
e + e
~ iX
• a
j
( 5. 1.37)
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Addition o f equations (5.1.36 and 37) gives the to ta l function 
A2( © ) .  However, we require in  equation (5.1.34) the product,
x A2( 0  ' ) , which from equation (F8) fo r  the
2i d
constant, A, is  given by
A  A  /- \ — )/
n  . A 2/ 0 ) ^  CO_ &  „  , ‘ /3 x
4-rr 0 - iY V ^  (z rT sY e> )/j-
f  1 4 - i \
- i x  
— ■ e -
.  (i+sik©34 (  S-wsih.©/ Cl-SiK©)'1- ’
1 ' o  ^  ~K 0
Cfr^ilxO
)
S'iksik&s
A
\ + 2 ,  ( A -  _ L  
v a  i+K1
— A_ 
2|-*'
-+
—2iw-frrtV /
&   ^ / | - -o^\
v /Sj
*+■ 0  / |~ V
S.TT o? I /5
a-ck-ir^( —vtc/ (tin  j )/ . l-fod. /X
-Y  fc __  /3 1- cos a sik B  e  e •
4 ' l Y  ( i i - k   ^ c/ ** ( 2 . siK O )l,u { l-s ih p ) Q +Stkc)
I X
- 4 “  0 ________________ _________________________ 1  - 4 -  e .
3 .  O r / ' 4  : l .  O  J
(5.1.38)
The to tax amplitude, A( 0  ),  is  now given by the addition 
o f equations (5.1.35 and 38) •
i . e .
f\(& ) r o
<yj  a,
X ■ f  - / ( w X I f  „
XCO oi sin© cos© \ C  17/10-1.4) \ai dw
4 T T  J ( w 5i F ) " z
O
-Zbifl+lw *T )i
t o  3  Cc?s 6  61. ^ 1 , —.-. II. I ..
'  / (2irsine>)
e-t X I4 - _ 1
Ch- siivor. V ZE'W(sih0- '/(uk'f-J
-iX
1 - 1
(i —S(k©U V &RSik.0/f:Sin© -{-1 /|-(. 2 b )
— I/, -Z=V+TTi/
+  a> e  , rtose 6 f t  4 
4-lU (l+K 1' )  (2 s ik .eV z o 2
« X21
77■ « • ■■ ■—w . T^Tr,, ..      *' I " . . .'(|-t- sin©) U(y-uw&)
e
( i - s i K © V l ( l - b l © )
 ^^  -2-ih*bTTtX|.
S. (m x)
-4G-X-?
IK
*f to e.~v"~" tcxp ft"
4 tt  ( i + /  A  (2Trsik©A cX
A e L X  /  1 - h  A x e / )
4-sk© \(H-sih6)x /
r 1 “ I  / I 4 i e  / i
4 - 1 ©  [ (
-V- (l-S r .x 6 ) j 4 -  A SIHq(  I — I
( k l
f
XX C //
 ^ ^ (-bSlh/Y
A  h© -  g +u f ) 1 1 (i-t $! k A 4   ^| ( 7 i +/ " £ )_
-= x
e
(sikfJ j
1.
* „  4 -  r i - s i Y e V
i t o jx (l ■+ vn-ti
1 9 4
t x
1 -  )
)  I  f t  I t  r a y  $
<X> |,
i ,i- ■ . • f  -^<m ( wX  U  l~ r i
rvx  —.169 <X SI KO CoS&\ t i  1 . J 0 (<ywsiK©) WdW
4 tt )
D
( W U  I d )
f  f l 1 ( e ) Sa
0 =/ o
( 5 . 1 . 3 9 )  ’
The above equation represents the amplitude due to the 
d iffracted  magnetic f ie ld ,  Hy , as given by equation (5 .1*5 ). 
We now consider the amplitude due-to the incident f ie ld ,  E2^  . ,
alone.
We have that
H
E2 =
f
, \ r
■A  co a e__
4 t t  3jp L  R  .
"2~ 6_-i- (z -  h)
and sa tis fies  the d iffe r en t ia l equation (5.1*4)• 
Th^s, in  z 0,
E)  C r)
4-n*
(h) cHj_ els'
Z -O
plane
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and, le t t in g  r -^ > co , we obtain the fa r  f ie ld  amplitude, 
A* ( 0  ), as
. - qo . .
4tr p  do' V R /
Ax ( 0  ) = c<cos0 j  ^  ( A  S)  J  W )  jVe/p
Qo
— K Ik
= —<'66 ocv ske cos© ( e j  x Ddpsik© ) />' d p 1 ,
4-rr J R 1 1 1
0
Making use o f th is resu lt, together with equations (5.1.39) 
and (5 .1 .5 ), we see that the fa r  f ie ld  fo r  the to ta l (incident + 
d iffrac ted ) f ie ld ,  AT ( 0 ), is  given by
aT (0-) = 3 f\L to) A 1 (&) j  z >  o
— —  1 fe) z. <  o *
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(5 .2 ) AN OSCILLATING ELECTRIC DIPOLE SITUATED ABOVE A
PERFECTLY CONDUCTING DISC AND ORIENTED PARALLEL TO IT
The case o f a dipole wjth this orientation has been
studied by Inawashiro D°3  fo r  fa ir ly  low frequencies. He 
uses a technique developed by, Nomura and IOatsura which involves 
the superposition o f functions sim ilar to Weber-Schafheitlin 
discontinuous in tegra ls . Results fo r  the surface f ie ld  and 
scattering cross section are shown graphically fo r  values of 
wave number up to 5.
No high frequency results fo r  this problem seem to be 
ava ilab le .
The incident f ie ld  o f an osc illa tin g  dipole situated as 
in Fig. 30 is  given by the Hertz vector,
)
p a  p
where R =  p + (z -  fc) , o { = ka and a time factor of
exp. (/ c o t )  is  understood.
Fig. 30
D ipole at height, h, above centre o f conducting disc S
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The scattered e le c tr ic  f ie ld ,  Eg , is  given by 
E = grad d iv 1TS H- TTS-s
f  -r ‘ -Yoc\C-r'l
and TTS = ____j :  \ 1  (x O  €■  olS; .
4 lT 't  C 0 ^ o j  [ v' — O' i
S
where is  the current induced on the disc.
We now le t  I  = J , a constant multiple
o f the current and thus obtain the equation
Es = (grad d ivp + cXZ) j  , -----
where
b (5.2.2)
. — -tl I
y  e  . (5 .2 .3 )
I £  ~  i
The to ta l f ie ld ,  E = E1 + E and, since the disc is
p erfectly  conducting, the tangential component o f .E vanishes 
on the surface, S. We therefore obtain from equation (5 .2 .2 )
E^ + (grad2 div^ -h ) L 7 (\[^) "V^CiCjXO 'dS ~
J  (5 .2 .4 )s
0 <. p ^ 1 5
where grad^ is  the two-dimensional operator,
( x  v . +  1 1  i  \  ■ ' '
\ SjJ T  f A )
operating on the unprimed coordinates.
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We have
s  s
(5 .2 .5 )
i
With regard to the edge conditions on the current components 
Jf> 9 J <f> we note ' '
j  c n  a  H  ‘
, \
and thus Jp = ~ K<f, and ■ jy = ~ Hp
From Jones [Y ]  i t  is  seen that the tangential component, Hg , 
o f the magnetic f ie ld  at the disc edge vanishes, whereas the 
normal component, Hp , is  singular. Thus we have
Jj> ' s= 0 at the edge o f S, and, by the divergence theorem 
in  two dimensions, the second in tegra l o f equation (5 .2 .5 ) 
vanishes, leaving
Making use o f th is re la tion  in  equation (5 .2 .4 ) and taking 
components we obtain the two equations , .
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1 S
H - J f  S I r p  c f s '  —  o
(5<3>6}
E j  + 1 9 d i e  J d S ' - t - g  t v f
O p  s i n C c f - j O l  y  d s '  —  O
'• (5 .2 .7 )
Following the method o f Jones [5, section 9*19~], we multiply 
equation (5 .2.7 ) hy i  and add and subtract to and from
(5 .2 .6 ) to give
E o  j - - t  E V  y  ( c) 4 -  V  j  ^  f  y  c l i e l s ;
9{> |  A /  J  1
. jo/
+  o( 1 7  £  \P c{S = o
and
(5.2.8)
2 0 0
a u T j , v 2  * '
~b o(v Y , 6  T — O
s
X C 4 -4 0
(5 .2 .9 )
where f t  = 7j- 3^  ^ f t  = TL -  / ( f t  f t
Since f t , f t  and div| J are periodic in Cp 
period 2rr , we can write
with
« //'V  id /
ft = X- a n e
• —oo
00 , y/
1  b „  e
—OC>
1 <X>
/ "S'  ^ A.
and div'2 J ~ Z , 3  ’
— =o> U '
-tk (f>
j 9  =  / L  f c > h  0 ^
■ * ©
» //
where an, l>n, and are functions o f p only, 
Also
ITT <
2V d f
e  .
T" x n C
o
zv r
c  f ( t )  d t
1 f t\ if
e  Y  ^  ‘ ^
2 0 1
which gives 
2TT
e " 9* y U A ' ) 4 '  ,
zrr
where ^  =  (  y ( t )C o S  K A
0 . -
and is  independent o f <j) .
Returning to equation (5 .2 .4 ) and taking, the divergence we have
a !  + f l {  /f j\  + J _  J L  + Y  fdlvi T y
I f  J  f *  ¥ :  / )
s  
rjs' =.. o *. X y  d
(5.2. 10)
We now multiply equations (5 .2 .8 ), (5 .2 .9 ) and (5.2.10) by 6  r 
and integrate with respect to j )  from 0 to 2TT , resu lting
m
atr
0
1 V C. 7 j i q X  d S  7 -  1 1  I  f  pJR +cC r  -'L 
%-* I T }  j  f  i  h p
f
J  i  V f ' Y  °  >
(5.2.11)
2rr
■j,  j - F  ( e r • g  ■ j  j  i  t .  /  x '
■4- oCx
a «  r 1 i
: O ;
0
2TT
l i e ^ ( 0
2n J
p  — 6 £ 3 )  ° { /  +  Y -  - +  i l
, 4  ?
V
-T -d r  1 p n p  f 1 b
h
( 5 . 2 . 1 2 )
t n  f ’ Y
0  ,
( 5 . 2 . 1 3 )
The incident e le c tr ic  f ie ld ,  E1 , is  given by
E = grad tiiv.Ti -4- oc ft'
Y - [ 1 1 ( p N 3  + ± L  t L  1  p
N  - f  i f  3 J f  J  *
4 . J j )
~h
4  ^ 
hz.
L f  * r m
% to^
where -• tS- CoS <j>  ^ JT^
^ Zi-lT^ cMN
Lettin g  X =
—106^  ,
Sin 9
R r
we have
ZIttR'c 0
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sin  cj>
f  T f  ( f X )
X  - + / X  I j>
-f k component, (5.2.14)
ana hence
diVr. E2 - Cos < f j - A  p f  j ) '~ x  ~ t,o (7'x
Cos<j> f  _[ AX + o i
f  I  f  ~df
X
- C(£cj/ • ~  /  p A  \ — _L •+ © a  1  
\ o i  i y ]  yJ  y
( 5 . 2 . 1 5 )
In  equation (5.2.11) we require 
2fT
2.TT
5 - '  ^ d i f t  2  cl <j>
above equation becomes
X  
2tt
nr
, which from the
L I .  fp-2-)  - 1  -i-ocx l  9 X  ( e ,  # gos x  d<f
s r  I  r  ■ J a f  j  . 1
Since _L j  C LK<^  CoS(/ c[^
o
-  0 unless n c= -  1
= -J- fo r  n i  1 ,
equation (5.2.11) becomes
1 1  f f i
j> 3j> j
— I d 'o f 3X
1  c)
»
,  r\ i % i f )
j ± t  %
f  ap u
which has the general solutions
1 M  -+ 1 j  y  p* clj>1 f t , ! ,
HrB ,  Y, ( t f ) -- O
i y  +  \ U  ^  f  V  +  a h ^ u ^  
) 0J
+  B _ ) 1 , (<gj — o  .
(5.2.16)
At the or ig in ,, p =. O ^  = V  -  O &rA JLX O
J
thus in  the above equations • = 0.
In equations (5.2.12 and 13) we require the follow ing 
in tegrals which are evaluated from equation .(5.2.14),
Hence we obtain
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Equations
i r i x
* L y
i f  I X
H  V
A [ W
9.') v  
L )
(5.2.12 and 13) then become fo r  n .*= -  1
i a r 1
P f .
i j  . i
t  f  df
- + o / -  n ,  p  g /  =  o  ;
+ i  OX
P f
( 5 . 2 . 1 7 )
I
1 /-/ ]  J
4 - 1 0  \ T  ( j 7' dj? — O '  ^
4 ! &_X 
p f
(5 . 2 . 1 8 ) 
I
v ,  f ' A
(5 .2 .19 )
s 9X
P I
I *•
X ,  f  “ f
\
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V
4 -0 0  ( b_yf  ck  ’
O
• ' (5.2.20)
Substituting from equations #(-5.2.16) into the above four 
equations fo r  the in tegrals,
leads to
■ ( i + j ) A d - ' Y
( 3
A ,  l f i  f '  Jf  '
(5 . 2 , 2 1 )
-  O 0  X  ~  .
\r'
^  \  a - ,  t  f ' J f '  ,
(5 .2 .22)
-  o Y )<  rr
(5.2.23)
' (5.2.24)
and we. note Vjy — Y -n  and D_, (ft' p) — — J  i d  j>J
2 0 8
A re la tion  between the constants A^  and A_.j can be 
found by considering the edge condition on the rad ial current 
component, Jp , namely '
Jp -s= 0 at the disc edge, j  = 1.
Since the incident f ie ld  terns o f equations (5.2.12 and 13) 
vanish fo r  a l l  n / i l , i t  follows that
an = bn = °> n M  ±1*
Therefore, since 3p = J.. + J2, the edge condition is
a^  + b  ^ = 0
a  ^ + b_zz 0
at
From equations (5.2.21 and 24) we have
ai = -  b- i
Ai A- i
and from (5.2.22 and 23)
-  a- i  bi
pvA-\T(oO “)■ ^  Av (X ) 1x3^-!
at edge.
The above three equations give
i d  = ~ E i  = -  A  A - ,  7 / /  - K o t b X / i )
bl Al U  A , u ( x  . - - ^ L x 3 f = , )
and hence A_  ^ =  -  A.j
and = b__^
a- i  = /
- f t l L L U f )  - 1  ( ( f t "4^ j  d f '  (5.2.25)
0
V
A i l o G p  —  o l X  -  ft \ Ift Y|/o j>1 d f '  . (5.2.26)
0
R 2 i i
where X = & ____________  and R = ^ 4 -  h »
AtrEo fR
Both equations are o f the general form
A  (  k
o ,
and we can begin the solution fo r  large using Jones*
method p8] fo r  general n , I t  is  shown there that 
can be written as "\Jyn
Thus the four equations (5.2.21 24) reduce to
2 1 0
For equation (5.2.25) we -have 11 = 2 and therefore
ft .
oL
r f
- 7  (  J \ /  Cg - V ] /
where
( 5 . 2 . 2 7 )
1,
k o o  ~  ( Xs/Z [X  ( . g
f/4
o f ) ’’' I I P'X_ ; l )  ' o g j l  o i l
X f .
( 5 . 2 . 28)
We now le t
K i p (_uY p* )  c\\ (u.) cluw
2.u.
so that ( l i t  K(f0  ^ a, (V)
V p p  1 f
(5.2.29)
Substituting fo r  CL^fO in terms of K (5.2,28) and
integrating by parts leads to
k M  =  [ K k p w - f j  ( f ' - a f g d  K C j ! )
* L j>' / x
.1
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The f i r s t  term o f h (x ) vanishes since a^  ( j>f ) is  no
a. * —i.
more singular than (1 -  y* ) 8 near j>; 1 and therefore
u u
f
Thus we have, a fte r  another integration by parts,
I  '  ■ '  1
A- fh(x) oC
(5.2.30)
Substitution fo r  h (x) in to equation (5.2.27) gives
j Vi7(oiT J o / f)  ■= a i r fd L  / 1 L V  1 (0 . , ,  Ld  ( ( h - Y j
G Y  L  J
^  t  ^  3  A  " J  j 1 d f
•A
. Y - X V ' 1'
a  ( U  ( p - x i 'Q  ia_ f H C f O  D i /? fjp£(  A ~ x  )  7  7  c t  
0 p  •'' . y p ' - o c 1-) ^
(5.2.31)
\
We require the fo llow ing formulae fo r  use in  the above equation
(5.2.32)
Putting x = 0 cosO in the l e f t  hand side gives
Using the fold.owing general expression proved by Jones in [ l l ]  »
7T
\
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with y\ c=. 0, jju  ~ ^ j ~Z- , then the above
expression becomes
H ■ •
~Zf If
\  K f t ^ ' s i k © )  X  A j J S i K © )  S l h ^  ©  1  0  
0 •
i . e .  The l e f t  hand side o f (5.2.32) is  symmetrical in   ^ and 
and thus the resu lt is  proved.
Application of th is resu lt in  equation (5.2.31) leads to
f
$TTpV (  y \  (  X f t  [ o l  (  f t - U )  y  I D  c X
r M W  ) ~ q
=  - A  ft
o( 1 }
(5.2.33)
v/here
) i(x )  -  ( X f t  [ f t ( p 'n 3d)''-} ' K ( p ' ) - f ' d f /
J  L f - A *
— ■i  ( [ft  A / f t ) 1/ )  K ( j O  j 1 d p 1 .
0J C f r ^ r ) ' ^
Integrating equation (5.2.33) twice, we have
' (5.2.34)-
A
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[ a  [ , ' • - 0 3 X (? i)  clct
( , ' - . . 4 4 .. *; .. .' ■ ’ A . ■
H Cc C\ f —- t V  d J - p O -  ft | L t lu . )
J A-iroi J  u. ol
au.,
(5.2.35)
which has the solution fo r  \  from Jones D O .
X
\ ( p d  -  j  5 x V  d  I  Cask o( h b - i f Y  u  f  C o  4  C l u z
I  w  j j  )  (OF3  t  ^h ^ )
I'FTd 1C
d ' J .  D O
o(
d a
(5.2.36)
We evaluate the in tegra l involving Jg ( oC u. ) hy w riting
V  __ y
(oiu.) iu .  — [ 0 - 0  4  / _ L  d \3>W<-0CW. 
J  ^  X u .  c
, V O'3U y
U.
(u>- i y )  cl
o  d .
3 -  1  af 1  cL Jo M  clu
o 0
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— ^ (A ” i~ R  *
X  ’ 7 * ’ . ^ ;
Thus equation (5.2.36) fo r  A becomes
X -■- I '
/  6 0  =  J _ - i -  (  CoslcJ. ( V - q A  i u ,  j  ( t o  + 4 A
' -V  ^  J  J  l l  M
A  (  c / -  _ 4 jl_  . A  —  A 13 . A f t )  )  d u
J  t  ( F i r ( g r r / F  J  J
L
-t
E Coslv oL PC f  Q_J H- A |  A
i t  \  i t  rr f t " ' )  'l  /
-+ A #  s iil ft ?c / c/  — Av V  —  I A  i ,
"  TTft ” ( • ( f r r X V  i r . i t ^ .
(5.2.37)
where Sonine’ s second f in ite  in tegral has been used in evaluating
the la s t term. .
• y
We now proceed with the determination o f N from 
equation (5.2.34) which can be written as
cos ft ( p '/ x A  k / )  j>1 cjj>
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- - C  - ( . s in  2 k ( f ' ) p  
;  o 3  C f  A - ) K  j  1
e '-  f y f ) ' 1- \ ( x )  *
Comparison o f th is with equation (6) o f Jones P 2 J  i t  is  
seen that i t  w i l l  reduce by the same method to the in tegra l
a  n  4 * 4  a v » *O V^ U.Cl/ U-L WJLJL
\w K  ( w )
_ (X O  + ir) ( w -ht)
e .  - v  e
w ir V)  — 6T-
J l \id
k °  6-r )
where
V
k ° G H -  ^ 2 © ^  J j l_  f  C o s v C v U z ) 2" X  ( z D  cl:
( s u~ 2 . ) u
(5.2.38)
From equation (5.2,37) we therefore have
V
k °  J )  -  [  A -  (  toS X  ( V - z f /  d z  y
(_ 2 .it ) t  J
S  c o s l  (22 f  C / - +  A  I
I  (S fT Y )"1
-  9 .  A
cl:
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Making use of the following result from Jones 'O H .
\r
—r~
dir V z vy/t
C o S  ot\T . 4 -  oCU~ I f ?  i f )
and hence
V  V
\ COS 4  O K - z D "  Coslv d .2 2. a zd;
V
_ L  f  SlhelV 4-
l o l
-4- o V v U '  S c  ?oiU“3 J
. \r ( 5 . 2 . 3 9 )
where I t  / /  ~  ( p M D , I )
t)
K G )  becomes
r i f t -
}/ r
« A  (  C.-! 4 -  ft-1 u \4 - J o / v S l & i 4 )
a n ■) tZ n a id
Hi
1  B~| COS cj'T -4- fdl -  pi ,. \
k  . ( a w Y( a n o / r
X
_S c 
oi 0
VT.
CoS X  G u Y z 1' ) ^  z Y  S lV k (V 2  d
IT
(v> Y zv )77*'
218
A
The integral above is equal to
v r
cl
l r
Slh ft ( / - / ) 2 z- sikk »dz 
ft " ~
vr
oC c t v f  Jo
v r.
—■ ^ V C o S  f t  1J0 t r -
—. vr V  (f t /
Slkk d Z- 4- ftZ. CoShcAZ 2  clz.
+ ftZ Cos/i ftZ^  cU
ftr _VT I  Slh.ft^~
a. l
-V- ftvrcoSoiir ft- c/VTZ $ i ( f t v ) 7
from Appendix B and formula (5 .2,39). 
Therefore
/_sL\
U jtJ
' l
4o  ^/coS ftvr  ft4-ft\r Sc (ftv )J
1 A \  C oS ftvT 4 -  A d ,  {
( R tfoA )  /z_ ( U  I
4-ftvr sinftvr 4- / v l  c o s o © r '4- c / \ T  S F ftu ) 3
(5.2.40)
where
d o  = a d , l  Co7 .■+ A ,
.
o Y (?TT<v'7 ) 2,
and
-
'
d t  ~ £ /  - A - 1
( a ^ T T ^ 3 ) 1^
We note that the functi on CoS’ o' VT H *
is  given by
(  v j  - f  ( . w ) r
~-{X( w V O ' !  —-vx (.w—uH
e  v  e clu)
J  L V J - V 4 T W - v r
J  CoS XU- 4- 4 S i  (f2U')
from Jones n?7, whore the solution f(w ) is  found, 
Therefore we le t
k ( w )  — y  d j  cl0 - f  (w ) — A i Jw )
(s rro f5)
+  l i  p£ui)
)
where c(w) is  the solution when the equivalent of 
is  4 cosocvr and 'p(w ) sa tis fies
(5.2.41)
2 2 0
■) '
v o  p ? w )
— lV(u/+vj)
e  - +  e
.  W-vvr \M —vT
f  ( v )
lAj
?
(5.2.42)
and P  =  J c _
t x-d.
—3. cos <*vr - + p fvrs iW  u~
4 -  ocx v L  cos « ; \ r  4 -  c t 3, \r3 S t '  [uv)
We w il l  f i r s t . proceed with the conversion o f equation
(5.2.42) to an in tegra l equation o f the second kind suitable
fo r  solution fo r  large O  . ‘
, , *+-L<X.W
Substituting p(w) = —
ov
V  ■ l - J  P W  f  d a
Vi -  w
in  ( 5 . 2 . 4 2 )  results in ( c . f . - Jones 0  2] )
P M  +  < £ +  / j r V  '(  Ih k C  m 2 4 1 -
IT (j4 \ rJ  J t  tr 4 U u -  
• 0
P ° 0 )  .
Following Jones [8] we put
[  Q) ~ Pi Udk e .  p b / - - C o i r  — 2.)
oc7- ■
oo
.  tvr)
+  \ 0  a t" ^
-3.VT
bA-ir
(;5.2.43)
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and obtain
-iWvr . X  V ,, J/, _ . . . -(.X t
?\(v)  + e  f v  )  [ L  P 4 ( ! )  e  d t
tt / • /  J  I T 7  t / -
A.ol.vT .. ^
-V- £ e  ( f t V / i ' f t v r - U )  f t - ' S x . W 3 \ e  clb
4 t-irCT 
- i a y
rjo / •, —iftvr , J/]_ A f  l|,
r  (vs) -  e .  /  v r '  °  ' n  " x■\ 3 \ ( l - A 1 (o d  \ Z -loL  fc - £ )  clt
t t  V \*r7 u  J l T  1  E / T
I £»
~ totvr / J i n  - C t. . t  / 3 
3
TT
I  v r  f t  ( / l - e y  P e l t  e cX  c L  ,
(5.2.44)
The f i r s t  in tegra l on the righ t hand side of the above equation 
can be written as
JT U  — n v  l i i o iU " )  + / " / ' + •  ic i lr '-S O  IT ,
s a. 
K / T  —11 .X r - ' j
The second in tegra l on the right-hand side o f (5.2.44) is
oo
Y  IC  cltj i - Y  p  ojb -
oJ I  t  /
OO
i ' * 7  A
3
t + M - y  + v 3 d t
oo
e .
A
3 I L  -v I u -c r l ir  -v v 3tt0 3. v r+ j■y
V  
i + y j - i
V".
4- l\3TF F f A -l  £  d  ( h_ i)  —  i 1
oo
•tt \ e ! +  6j~u~) (u x 4r vf1'— \Tij) 1 d j
& £1 J
oo
rr . I
V4VJ
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P ( y )  +  e w i r / _  x Y  (  D Y  F j C O e Y  . d t
TT [ W  I  I t ]  '' t-u r
1« * - * /• %  >/ y'h n —lotlT- —Ui-fUA t / x ^ .1/ —ocm .
- W -A lY X d e  e 4 \(l-tt) t e it
Therefore (5.2.44) reduces to
k\r. U v r  _ x t
U -xV ir _  '
P iitting P.. (v ) = I \ €- f\ (\T) gives
1 LkvrJ
R l r t  =  2 *  e  :' - " f  U v i t f  1  &  b <te
oJ |-nr-lfc
R i e r ’  d t  .
P" J  [ 1 4 1 /  tr-vu" 
o
(5.2.45)
Equation (5.2.45) is  now of the same form as equation (27) 
of Jones m  and can he solved by a .similar iteration scheme 
given by
l 5 ( y )  ~  K n ( v r )  w k e r e .  
w=-l
o f  / a X  -awdfc-ir)
K ftC b  2  fu-vrj t Dw D  e . i t   ^ n>/  1
{■ XT
Oo
O'
- f V  o '  5:1 F x  J  $,x( i )  H i  6 q  <j) ■ 4 c C j M 7 / 1
o
; \ • . ..... -224
. (x) . (z)
\ \ / y . y  -  K 3V  r l  , ( c i x )  J o  U < j )  - 4 -  £  d o  ( d x )  !  ( k j )  ^
X - -  3  
^  ,. k>.  , . —2-tocfc
s * . ( V )  — f  J - 6  S n_, ( . 4  © .  c l b  j  n 5 .5
1 C-VvT
(SO
d  J  hi) -Xol ( ( l - c b )  *  &  ^  ©  d t  .
(5.2.46)
j  M r v r - 7  t
From the substitution (5.2.43) and Jones [8* equ. (4 6 j 
we see that
1 I; -4  JO
r
r -* 4-^  ^  I / . \ 2- ' D0^. |—\ ✓ \ I
p M  ~  . ~ _s l  ■ _  \ f  1-^3 e  (v3  cl
Ttx  w ( H a^  I  \r / vr—iaJ
J \—u;-X fc
^  —UZ-HC/x r 5j , \L —oi[Z .
: S o ( ^  J& ( (j-'Hfc) t ' " '©  c lt  4-S.nY iv)
' - r T v y " 1- O H ' " )  j — w  - x R
l / Y Y Y  Z R . 6 D A T  •
t  q  - S U k i r
r U w  J l - w )   ^ J u - v r /  v r - w
D
(5.2.47)
Thus from the above equation and the ite ra tion  scheme (5.2.46), 
the function p(w), which is  related to K (^ )  by (5.2.41) 
can be- found.
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Since in equation (5.2.41), f(w ) is  -already. known we 
require only c(w) to find K t w) and hence the solution of 
equation (5.2,25). I t  w i l l  now he shown that c(w) is.
related to part of the solution of equation (5.2.26). 
Considering this equation, .
_  x  =  f b ,  f ' f t ,i . e .
and splitting i t  up into two parts, we have
A ,  =  J  5  ( j O  j>' djJ (5.2.48)
and X  b l ( . f )  Y -  f  a ' f (5.2.49)
where hr = b j l )  + h^2) (5.2.50)
Comparing equation (5.2,48) with equation (1) of Jones O'2]*  
i t  is  seen, that i t  reduces to
Yv] /  (y j)
-4(w-v«') -xWu'-v)
e .  - +  e .
Yj w - v r
where 
c
B l V )  = _ L  d  ( z >  '  J / "
StT X 1
CoScC fy%- z )  ^ c
(vr1-- / ) 0Z. } c?A o'
E i  z  ( / ) X
Cos oW~ 
I t  ft \
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after use of Sonine's second finite integral.
l e t  b j^  (w) = c(w ), in  order that c(w) sa tis fie s
ipvrc*
(
W c O )
—UA (UJ+V7) . -/ d
e  ' • +  e
W-tir W - ir
cW — A-coSK-lr
(5.2.51)
Comparison o f th is with the -in tegra l equation o f the same form 
fo r  K and with (5 .2 .41), we see that this function c(w) 
is  the same as that in  (5 .2.41). To solve (5.2.51) fo r  c(w)
we make the usual substitution
V  \  r> , \ Y k it | 
c(w ) = Y  ,  I flz4 £ l\ C tu ~ ) . 0  d i r
7 0  \ A ( m A ,/v  JV  vr ^ 4> IT-.W
(5.2.52)
resu lting in
1—U*vr . Vl/L Y ,/ A  ^ fiA
c ( v )  = - x  fvr \ 1 A - t \  C  L b
. TP V u ' J - J  J i t  j  t - V lT
e  " c ic
4 -  J 60S X  IT (5.2.53)
Following Jones [8] we put
~  XoL vr
C(v) S= S .  0  " 4 r
■ A  A v r  . 
A _ \  e  G O )
I-h t/ 0
which gives
—AfocA
(fc) e At
( 5. 2.54)
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The itera tion  scheme fo r  the solution o f the above equation 
is  o f precisely the same form as (5.2.46), given by
A
Oo)/ Lb-'vr)
i ± f \ v f 6 * U  e  I t
v  '  1 t - i r
and f / v )  =. 2.
(5.2.55)
Y
From equation (5.2.52) and the subsequent substitutions we find
C\ ^
e(w> = S £
7t \ A  ( T Y 7 V -
e
Y “A  ^
( M ,  _ e D j J R  d i r  .
(5.2.56)
( 2 )We require now the solution o f equation (5.2.49) fo r  b^  
and a method of determining the constants A^r &q and d^  to 
solve the problem completely.
Equation (5.2,49) reduces in  the usual manner to
\\l k  (w)
-xd (w -tv)
£  ■ +
W-VLT
-AU (u>-uN
'VE-.vT
d w  -  f t ,  J )
(5.2.57)
where B° contains the function, X.
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Yfe use here the method of Williams to obtain an in tegra l
equation o f the second kind suitable fo r  ite ra tiv e  solution. 
Thus making the substitution
d w —  Cvr)
W-vr
(5.2.58)
leads to
00
f t o )  = .  b ;  o r )  -  ( J  m
-T~ r* -9t*(uHvr) — id O-ir)
e  -t e
WirVT w  — vr
c|ia/
—tXvr
<5Y?
vr e l*w ( ffwydw
W •W'VN-
1  e
TT
-t v^r w
( J Q ( H p  6 .  GJ e ‘ ' 1 <i(:
U 4  - f c T 7 ~
fi f  \y sa tis fies
CTO
B ° ( b  =  J - $ ( ? )
~ —IX ( \ v - n r )  — itf / w - f t
e  -v e
W-tJ
;V  }
(5 .2.5 9)
then B2(v ) sa tis fie s
i/, °°r - j m Lw +v)
.v u - iF  ^ V )  d
. W j  W-WT
l/
' ■' . 2 2 9
1
y
( 5 . 2 . 6 0 )
which is  o f the form required fo r  solution by Jones1 ite ra t iv e  
procedure.
We therefore need the solution o f equation (5.2.59) fo r  }j3tw )* 
To this end we consider the problem o f finding a current 
function U ( )  fo r  the same•incident f ie ld  due to the 
e le c tr ic  dipole, but now situated above a perfectly  conducting 
plane, z = 0. L w i l l  sa tis fy  the fo llow ing equation, * 
equivalent to (5 .2 .4 ).
F .j.
A  + (grad2 d iv2 + d '2' ) j  L  (jJ) -  O  ^
z~0
plane ( 5 . 2 . 6 1 )
which reduces by the same method as that previously employed, 
to the two equations
CO
" A | / j £ j > )  - t  f  q  " 4  j>' d y  )  ( 5 . 2 . 6 2 )
DO
A | \Jo(G|) — X  ~  oi f  k  y  j>! dj>
o
' /
)
(5.2.63)
/ . I - -ty' - l i  ~
where 1^  = t-j -+ -c L.<j> — €5 -f <2^  €1
= L^ - d L j .  -  d, -V cL(
(5.2.64)
2 3 0
and = c_*j * as before.
The function L can be found by the method o f images. Y/e 
have . •
x . =  n  A  I  H i  —  ' l a  J  5
4 n  T  03 & o
where and, H2 are the magnetic fie ld s  on the upper and
lower sides o f the plane.
Fig. 31
To sa tis fy  the condition that the to ta l e le c tr ic  f ie ld  is  
zero on z = 0, we introduce an e le c tr ic  dipole o f opposite 
sign at z = -h, as in  Fig. 31.
- lY R o  / 
i . e .  ~  — 0 _____
d -irgu
' \
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Hence -  Hg
* , - •
~  3.-605 60 eu*x it *1 on z ~ 0
SUcofip T- Y  'p -v IT $
L  V £  T  , 3 z !  *
4  J5 Co/R p o » e.wb
and
Y  -  — _L f t d i i f )  — (C |4- c l)co s/
U z  i Z 5 P  z
=  - _ L  Z l l l V  
• . a i r  i  } 2
_  /
( C i -  c li)
from equation (5.2.63)
From the expression fo r  TT we therefore have
0-, + -H = - 1  / I X  \
a i r  U
and *" di _L ( 1 1  
a ir  I  J z . 0
which show .that - .  0
and d. - 3 _  / i x  
a n  1 ^ 2 z  - o
cLj as 0 implies that the. constant o f equations ,
(5.2.62 and 63) is  zero, and thus this problem reduces to 
the solution o f
CO
-  X
which, comparing with equations (5.2.49 and 57) reduces to
\
CO
\ \w <di (w)
1
G -v e aui
1 _W  v vr w-vr J
■=■ ' b ;  c v t )
The above equation is  the same as equation (5.2.59) fo r  the 
required function, , and hence we have
A  P P L .
where X =
)
2
‘ R
Returning to equation (5.2.60) and putting
T (v r )
t z .[3
B 2 ( v )
results in 
J (v )
Ijl —/uu
i j £ _ \  e .
0 + w J
I f X f w T ".J I W y w-pvt
dui
IT
R —XcVt
f i ± 3  T O  e  <Afc
I I-+V  P + u-
(5.2.65)
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which is  solved by use o f the fo llow ing ite ra tion  scheme:
J O )  — 2 1  I n  I  w)
v\-l
OP
}L 7  , V i j r - v )
TT/ir) r : )  \ i_w it) -e db  j n y / 1
t - ' J " )
OO
F  c y  -  e Y  y c  j  7 , 1 /  e  H i 6 t| j )  4 +
oo
(.b) c  l b  # n V / X
t - t i r
and Jt\ (y ) —
r
\ [M ~! )  " I  ( w ) ■ o d °L d w
w W-VV
w k e r e  ■ ' J M  ~  -  k  W  ^   ^ F  - l c (  4 -  I  ..
N t V X  l w % k T  L  ( w b i l T l
The required function, b!j2)(w ), is  given from the substitution 
(5.2.58) by '
oo
b {2 )(w) $& + v v ,
u; 7T W (l-w) 1
- t 'w  V  /, A  -2 t¥v-— e  ( /1-it \ e
f Y 4 ( l-w N  J ( i t t r y  v r „w  
0
-Ycct /> A  j ,
e  / t - l\  d (r
c\\r ,
(5.2.67)
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Thus from equations (5.2.47, 56 and 67), together with th eir 
respective ite ra tion  schemes, and the function, f ,  found in  
Jones 0 *1 . a^  and b., can be calculated apart from the 
constants A«j, Hq and d.j. .
. We proceed now with the determination o f these constants,
Wc know that K (^ )  must vanish as (I  —w) near w - 1 ,  
and f (w ),  c(w) and p(w) a l l  behave lik e  - ( I— w). 
near w = 1.
Let f(w ) = (1 -  w)”'8 C A| •+ A *  ( i - w )  * * 3  j
c(w) = (1 -  w)“*  LyU\ -tJ U ± C l-w ) A JA -S * « 3
and p(w) = (1 -  w )"» [V |  -h ( l —w ) 4~ ( t - k A  • - »./ ;
At the. edge, w = 1, K ( l )  = 0 and we have from equation (5.2.41)
-  A t Mi '•+ 4  V, — O  (5.2.68)
( y r r ^ ) ,/v
dc I t A  I /Uj. ■+" d| V i  — O »
( 5 . 2 . W )
Also at the disc edge, the rad ia l current component vanishes,
i . e .  a1 + b  ^ == 0.
Hence from the rela tions between and "f^.(w) and between
(1) '• b.j ' and c(w ), we have
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'ot f  w  d  ( J_ d 
2-V  dw  I  TV dw
do Y -(w ) — A i cCw) 
1 ( £ ? ] '
—j (A)
• t  d , p (w )  I 4 - A I  d w )  -t- L i (w ) ~ o
A i r  f t
at "  w  =  1
>
which becomes
(? ! TT o f1)
+  A| k .
A m
6
i
o
(5.2.70)
(2)where Oj is  given in  the follow ing expansion o f (w)
about w = 1,
b j2  ^(w) = (1 -  w)“ *
The three constants can therefore.be found from equations 
(5.2.68 -  70). The , yU .) S and V  *S are a l l  calculated
in  Jones £8], and ihe follow ing expressions fo r  and d^
in  terms o f from (5.2.68 and 69) are also given there:
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d o  (  P - i L  -  H  ■ '
I <* blyd \
-  A,
A  ( t t c i f '
■u y
L F  ■
s7  \ 
V
A.
~iol / i
T T (. lb  cd j
—3aV +lT‘i/q.
f y V ' t  7 *  j
( 5 . 2 . 7 1 )
c q  I I — f t -
oi
1 1 I
UTToty
i X  c X +TR/4'
T p r
tot ir s v v
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Substitution into equation (5.2.70) and using the constants 
A^ , , V 3 from Jones [ 8]  leads to
I +  7  ft ■+
-2 id  -orA/p
1 3 ± \ ]  ~  cl, .
/6ft.
( 5. 2.73)
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The somewhat lengthy process o f calculating the co e ffic ien t <5| 
is  dealt with in  Appendix G, from which we have the resu lt
fo r  as
iA '2-—-/06 (\+ k. ) —
S  TT 6 - (.14 KU ( 6
I.. - 1
ix ( I i ( +\Ll_r,v 3
-75 s. - j _
£fo( k 7 + | 0
2. ( n X  v
i -
i b o c  oiCub A  j $ u z y
+  e
A tT
—G "i,oC. + ^  fbt/y
e  :
2 ( i w Y 4
A  O  ( A * )
(5.2.74)
We now turn to the determination o f the fa r  f ie ld  amplitude 
fo r  the scattered e le c tr ic  f ie ld ,  E • From, equation (5 .2 .2 ) 
we require the form of
grad d iv2 I j3  \J I as oo
V r
This is  given by
+ higher order terms in  /-LY
I  t v
V -r  —■•L6Lt~ -V. -I-=  o( jc 1  e  r  — o i  u  0* e  r
•— 3 ~  J J g = T
i_ —<t<r / _ r -  a n a
~  — ^  e - C 3  . r  )  r
r
Thus from equation (5 .2 .2 ) we see that
•v --toff-
r
7  ^ A Y a Yd  r  tcT*
j  [ j  -  C 7 . f ) f ] e  '
s
as .
V/riting £ in  terms o f and. and making use o f the
formula,
■JUT ►
kY/'sih© toSe ■ d f  = ave Y  Wj
o ’ _
leads to the fa r  f ie ld  amplitude
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A s ( »  =  %  rr oC- C zo s u& x  -  y iwe  cos©  k )
x k  ( / )  X  U f ' s i h k )  — a ,  / )  'Ja U / iA j A f ‘
Equation (5.2.29) gives ( j>/) in  terms o f K C f 1)  ; use 
o f this in  the above expression and integrating by parts 
twice, leads to 5
A s  (e) = S - i T d / c a S ^ e  I  -  sin© c o s - 0  |c  ) *
j]p T o  ( k / s i h © )  j>' f  j}, ( j H - c J  S V 0  j  e/jk
0 (5.2.75) '
The substitutions given by equations (5.2.41 and 5.2.50) show 
that the term in  brackets under the in tegra l sign o f equation 
(5.2.75) is  given by
\ (ft)
k  G O  -+  A i d b 1) t U i i ^ e )
4 tt<7
(5.2.76)
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We are therefore faced with the calculation o f four
( 2)amplitudes corresponding to the functions, c, f  and p
given by th eir respective ite ra tion  schemes. This procedure 
is  straightforward, but very lengthy, and so.we merely quote 
below the four resu lts.
f\|to (e )  ~  b j } (jO  p  d f '
■ . °°r -X C W \ 4 iT
— n \ 0o (a w sih&) G  -i- 1 .
StU A  j  ( w M f M  ( ( I - A
di Weil
1 -zV ci-+ b /  
■ h e .  . . . . 0^ f  k s ih ^ j
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- U S  •— 0 - Cl—Si KCi) ~ f O f *
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cC X X
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1
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y / - T K /  r  d x  / , , /  ,  , / x  / ,  . . . .  d - 1
4 r r f t v (9.siK©") 7-
C  (U-Slk©/  ~4~ 66 (j-^ ik© )
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• +  o ( / % )
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A p ce) g .  r  e " x  C k s i h o f  /  ( ft- I , A
Sikv© {^TTftS/k©) z L  V A i)!S Ik ©ft
- e ^  (|-sik©)^ p . — A \ -  157 e V -  (7+sik e)
I  S 'ioSA&J4^ S(n© I
' i
4 - (.l-f s ik X A ~ I5 ft  e ' CX f — 0 -  s/kef7 1
' 3 J 4oisikO 1 3 /J
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Use o f equations (5.2.71, 72 and 74) fo r  the constants dQ, 
and and expression (5.2.76) leads tc the fo llow ing
resu lt fo r  A_ ( © ) ,
, f t j © )  ^  [ c o s 1 ©  - t  — s ik ©  C oS ©  k ) X ( © )
i , . , I-, - la O + lD
-A- h (cos% 0l  -  YkG> os 6 Is) €- _ • • cl
X-Ti-y% £ 0 X u  KG (2./5SIH©)
0 -  ( i p  (/ (U U )  'z )  —X &  (1  -+ / ( i - t k 'U )
(l-tsikeR1 (  V ( l+ k J /l —  S ik © ) (l-s ik & V Y i / ( l - X l  +  3lKe>)
•e.
■2.<Vk-rr-(V^
(rrcX H
4, X —viX
^  —V" ~ft-
(l-t-im ei’^A-Sfk© ) (t-T lh J '1' (.l+Slh©)
051 -,U(wUKvX
(5.2.77)
where 1 (0 )  = — lq f"(TrXclwsih&l S- /-tof-k— !— \w lw ,
J (wU  U )  I  (w U K X V
o
We shall now show that the f i r s t  term o f equation (5.2.77) 
is  equivalent to the fa r  f ie ld  amplitude due to the incident .• 
f ie ld  alone. We use a representation o f the incident e le c tr ic  
f ie ld  given in  Jones [5 , P .635J ,
A  CJ ^  - 1  (cw-cuUivr - t o p  f  (Is A  £  J ' ) )  y k f l i U  S '
J
2:
plane.
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in  the region z ^  0 where there are no sources. 
As —>  oo , • we have
EX Cf) — oi e
-Acxr f  -4W C r.d ) "
9  IT 4 CO S o r  ^
Z - O
CJs a  I )
pkne
—  ( ! s a  i f d «  r  t i s 7
which on substituting,
k  A I D  =  ~  k - i ' c o  G
=tU ( y 1+ k h '
An* (p( A - +  U
■id  ■+. f
( f V  w
;
leads to the fo llow ing resu lt fo r  the incident fa r  f ie ld ,
p j  (e ) -  7 rr A  CcosbO I  — sinO tos©  k )  k  
?rrv£<
OO
- A d L f - ^ V
( p x  k b
< 7  \  I ( o ( p ' s 4 e )  p ' A '  .
( p D / ' Y  1  J  J
Therefore, from equation (5 .2.77), the to ta l fa r  f ie ld  amplitude 
in  the shadow region, z <C 0, is  given hy
x  [ e x ( \ f t  ' / ( i f t k V )  e l X ( u -  ' / ( k l f ) .
L ( k  4k©V" ( 1 / /  Z  "l - 1  ©) ( l - l e V '  ( l/O +V 1
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( it / 1'1-
A x
(l4Sik©VU (l-S/k.©)
, - c ‘X 
~ r ,___ -e, __________
( l - s u / Vl(l+svkP3
+. 0  ( / ) . ( 9  O.  TT A c .
9 Z
(5.2.78)
By le t t in g  h —^  oo  in  the above expression the solution 
should correspond to that fo r  a plane wave normally incident on 
the disc.
We have fo r  z 0,
— *°c h
Pit©) ft Bsfe) ro e  -Sik6co5©js) v
A / 4 a  K
\
rO S
e * x
SiVe t  ( i-s ik © ) Cl ftSfMs)
2.CV4TTV.
* f -e
ftX -ftX
( W )  l% i  [us'ike)'1-0-sik.e)C i - S i \ e ) '/j- ( l + ^ e )
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Comparison with the results o f Ufimtsev shows agreement
fo r  the f i r s t  term, a fte r  expanding his Bessel functions and 
allowing fo r  d iffe ren t time dependencies. He has no term o f 
comparable order to our second term.
2 4 6
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C H A P T E R  S I X
ACOUSTIC DIFFRACTION BY A RIGID
ELLIPSOID AT DOW FREQUENCIES
\
(6 .1 ) INTRODUCTION
In a recent paper, Williams [ f \ has considered, the 
problem o f low frequency d iffra c tion  o f a plane sound wave 
by an acoustically so ft, three-dimensional body o f arb itrary 
shape. An expression is  obtained there fo r the f i r s t  two 
terms o f the scattering cross section, which contains only 
.the solution o f one simple e lec trosta tic  problem. The 
technique employed involves the reduction o f the boundary 
value problem to the solution o f a series o f in tegra l equations 
Certain operations can then be applied to these equations 
which lead to the determination o f the scattering cross section 
requiring only the e x p lic it  solution of the zeroth order 
equation.
I t  is  the intention in .th is  chapter to investigate the 
application o f sim ilar methods to the corresponding problem 
c f  an acoustically r ig id  body. Previous work on low frequency 
d iffra c tion  by r ig id  bodies dates back to Rayleigh [ 2]  where, 
fo r  the case of a sphere, the problem is  reduced to the 
solution o f a set o f potential problems. More recently 
Van Bladel jjQ ha3 shown, by use o f rec ip roc ity  theorems, that 
only the leading term o f an expansion o f the v e lo c ity  potential 
is  required to determine the f i r s t  two terms o f the fa r  f ie ld  
amplitude ( i . e .  the f i r s t  term o f the. scattering cross section) 
We begin in  the next section by deriving this ( f i r s t )  
term using Williams* approach and agreement with Van Bladel*s 
resu lt is  obtained. D iffic u lt ie s  are then.encountered in 
the derivation o f the second term, and i t  appears that this
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cannot be expressed in  terms o f one unknown function alone 
fo r  a general, three-dimensional body. The case of plane 
obstacles presents no problem and these results can, in  fa c t, 
be obtained from Van B ladel's  work on transmission through 
apertures [VJ • •
The particular case o f a r ig id  e llip so iu  is  then studied; 
section (6.3) g iving the detailed calculations fo r  the f i r s t  
term o f the scattering cress section. In the la s t section 
i t  is  shown that the d if f ic u lt ie s  mentioned above fo r  the 
second term can be avoided fo r  this particular body. However 
much complicated algebra involving e l l ip t ic  functions and lame 
polynomials is  required to obtain the fin a l expression. The 
general theory o f Lame polynomials used here is  dealt with 
by Arscott [5]  , although certain normalisation constants 
required in (6 .4) do not seem to be available. . This 
necessitated their derivation in  Appendix H.
Both terns o f the scattering cross section thus obtained 
reduce under appropriate conditions to results found by 
previous authors fo r  the special cases o f the sphere and the 
circu lar disc.
I t  is  worth noting here that an alternative approach to 
th is problem is  by use o f a variational principle [6 ]. This 
leads to the same general expressions obtained-'in section (6 .2 ).
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(6 .2 ) THE SPATTERING CROSS SECTION FOR. A GENERAL RIGID BODY.
The ve lo c ity  potential o f the f ie ld  incident on the 
body is  assumed to be given by
where u  ^ is  a unit vector and k is  the wave number. The
SCscattered and to ta l v e lo c ity  potentials are denoted by u 
and u respectively , both o f which sa tis fy  the reduced wave
equation ( V 2 + k/)ll -O .
We expand these potentials in  powers o f k as follow s:
On the r ig id  surface, .8, o f the d iffra c tin g  body we have 
the boundary condition
u1 = exp. j*ik(ud.r )  -  icot (6.2.1)
(6 . 2 . 2)
C>\A — Q
(6 .2.3 )
and since
u (6 .2 .4 )
then
d a  d a
Z
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Equating powers o f k in  the above re la tion  and making use 
o f the wave equation shows that
uo° is  harmonic and . . .. . ..
= O cw S .
3 n
Since the scattered f ie ld  must tend to zero at in f in ity  we 
have from Green’ s theorem and the above conditions,
(Kellogg [7 ,p. 2133), that
SCuQ ~ 0 everywhere,
and hence from equation (6 .2.4 )
uQ = 1 (6 .2 .5 )
The scattered f ie ld  is  given, from Green’ s theorem, by 
the representation
*
\A{r)~ ' {ll(ro) Y- f 0 Y c\So . ( 6 . 2 . 6 )
4 t r J  A n d  R  /  s
where n  ^ is  the outward drawn normal to the surface, S, and o 7 7
H = \ v  -  fg i is  fbe distance between the observation point 
and the source point. Applying the boundary condition 
(6 .2 .3 ) results in
Y d ' I D
<)»v
•i.
4 t r  j  I 5 n < ,  v  R  J
s
dSo
T  o n
K . 2 .7 )
s.
‘ 7  V-* '  ' ' "  • •;/. • . "  * "  252
Following the approach o f Williams DT> we expand the above 
equation in  powers o f k and equate coe ffic ien ts . This leads 
to a set o f equations o f which we shall need the fo llow ing 
eight; .3.
g  =  - 1  [a 0 X  ( 1 \  ^
4 it  J  d n T n0 Xf>J ( 6 . 2 . 8 ): . S
n . i i i =  -  J _  ( U., . J  ( J_\ AS
4-^  J dvDnAf\ Js  0 - ( 6 .2 .9 )
(n.tiOdu '£) —~±. 31 I 'Y-VX JR . \ AS,4®JV dkoav'R'j • a 5n5n0/
(n .uX lu i . f R  =. -_ L \ fu .3F _  ( i A - V  x U L
2. 4 t tJV ckYuA R j  2.
(6 . 2. 10)
s
a u» D J  \ AS,
Clk^Ac 3
(q.u.0 Ciu.r)3 ~ -_L  ( (V  J _  /_Ia 4 - Ui J fL  
31 4 ^ JV S S n X R j  a  drAn,
( 6 . 2 . 11)
4 . u, 4 -  Uo t r 3 )  ASo 
3! H3r\0 4 ! dt\dn,
(6 . 2 . 1 2 )
(n .c Y ) (Yc . r j  = • - X L  f i )  Y  Y z J  R  • . ~ Y.4-1 41T J V andiio Us/ 2 _ k^<Y\o
4 1  s
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u=, y  t  x -  u, y g  +  Uo y / -  3  ds.
d j 4I. 5 H  J
(A.ui) (u ^ r/ - - A { 1  ub I  f 1 \ -b iu f & 6' 2’
S~l . /wt J I oKono ^rU 2. onoru
s
£L.
x  U3 [I  x  \x I f /  x  u 1 R
31 . T k X X o  4.I  X o n c 5 /. ^ k o n
-V- IU X R g \  A l
k  X X n „  J(6 > 2 > u )
( h - b O i X A L l  =  - — ( f u 7  I  ( ' \  +  i k  Y L
4^ j \, 3. SkSa ,
s
• + U4.' V T  -V- U .^ 0 R 3  0  Ux
*U Ysu Li/1. k I Y  F~ I *\.
“V“
3 ! ()K()Ao 4 /  ^ K O H o  5 i  'bftCVlo
u L y /  H - U o i Y \ j S o  ,
(?i iVv^no 7i )kc)n o  y  " ( 6 . 2 . 1 5 )
V  on S  .
We shall now investigate the so lu b ility  o f *6he above equations 
by making use o f a resu lt in  the theory o f in tegra l equations 
[8 ] .  This states that i f  the homogeneous equation
5
<1 ■ ~ * 
allows a n on -triv ia l solution, f  = f  say, then the
corresponding inhomogeneous equation 
1) „
K ( t j )A j  — ^ ipO ) d / x i b  j
<L
can only be solved i f
t
0.
The above resu lt holds fo r  symmetric kernels and also fo r  
surface in tegra ls. Thus we can apply i t  to our set o f 
equations (6.2.8 -  15).
Since equation (6 .2 .8 ) has the non -triv ia l solution, 
uQ = constant, the remaining equations can only be solved 
i f  the in tegra l over the surface o f the terms o f each equation 
not involving u^, u2, u^, etc. vanishes.
i . e .   ^ — O fo r  so lu b ility  o f (6.2.9).. (6.2.16)
S -
i f o . t u )  ( u > . ' £ ) d s  + 1  \  \  Uo Y f  dSo i S  “ O
I  Sir §' {£5 n e 3 (6.2.17)
fo r  so lu b ility  o f (6.2.10)^
( ( t o  Uj) ( iu , c j  iS  -i- _L ( ( U| F t  d S . i5  
U  a  ^  J |  3n )n0
-V I ( ' (  u0 iS o iS  —  o
A t r J i T i  5 ( 6-2-18^
s s
fo r  so lu b ility  o f (6 .2 .11 ); with sim ilar conditions fo r  
the rest o f the set o f equations.
The divergence theorem shows that condition (6.2.16) 
is  sa tis fied , since
I t  can be seen from equations (6.2.8 -  15) that each function, 
uQ, u^, u2, e tc ., is  non-unique to within an arbitrary constant. 
For the determination o f the scattering cross section we shall . 
require the appropriate constants involved in  uQ and u^  + The 
conditions (6.2.17) a^ id (6.2.18) enable us- to determine these 
constants. x.v . •’ '
The f i r s t  term o f (6.2.17) can be written as
.=  A Aiv Yt (u i. cyA V  \
s v : ' -
and the second term as ' .* *_
K  [  [  J R  &  AS = Uo {  \ l . (  V  R) A V ASo
Str -I A Onor\0 Stt j ", d a
S S S V
Srr JV J Tn0 KTJ ASo cl\!
= k0 ( ( av AV0 =  -  u.oV
4 ir  J J 
V  V
Hence equation (6,2.17) is  sa tis fied  provided uQ = 1.
This agrees with our orig inal resu lt (6.2.5)*.
Sim ilarly condition (6.2.18) w il l  be used in the next 
section fo r  the complete determination of u^. Here we . 
proceed with the determination o f an expression fo r  the 
scattering cross section, O" , This is  defined by
o ' =  A n  1  © . 
k
scattered fa r  f ie ld  in the 
1 forward direction, u^. / y
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o'  -  1  I m S  1 a  (ft)  J L ( As*
k  . )  
x>
Introducing the series expansion o f u gives the f i r s t  few 
terms o f cr as •'
•„ cr -  (  (yy Aki) j  —U+ 4- k kU x - U i  C l o’© ) 4 U o  Op „ vft 
3 ^
k  C.14. 1^ 3 0 (4  * 1 )  f t  be. (xz • ©o) ( A  C u i * ©?V
x  "  3 i
s * s
4 - U* (U c o r o F l  
4" k  E .U &  — U .5 ( u i .  y e )  4  Uva, (.u y «v©) —  vAx
; a 4>1
4 1/  ( u i .  i f  — u t ( u c  » E )  4  U o  C u t  * T o )  LJ (  d S o  
Ai  ~  s i  I T  j
(6,2,19)
Since uQ = 1 and * I  n 0 A s a — O  by Greenfs theorem,
which, from equation (6.2.6), becomes
the f i r s t  term of equation (6.2.19) is  zero. We now make
2use o f equations (6.2.8 -  11) to find the term o f order k . 
Multiplying (6 .2.9 ) by u2 and integrating over S gives
Z In .u c )A S { Uv(vo)AS,Auz(w).Vl (1\ dS.
J  J OKU^ o W\/
Wo can now substitute fo r  the inner in tegra l on the righ t 
hand side from equation (6.2.10) and find
lv\. u O  Y  ~  ^ u ,^ (b o  * D  ( U i = A )
s  s
•+ \ (  Uo Y R  c i s t  4 S 0
4 ^  3  2  5 n 5 n 0  j  ,  N
S  ( 6 . 2 . 2 0 )
These two operations are possible because, o f the symmetry 
o f the function
I  (  A  V  - I n  r  a n d  r 0 .
3v\ )y\c ' R y
and wo shall make extensive use o f th is technique in  the 
fo llow ing determination o f vr ,
Thus equations (6.2.11 and 8) give
\ u l v u  ( i O k d f  AS =  -  A  ( a* (  ^  I K  ofeods
'  .. . '" a -  4 tr  J J a  I I *
-  O ' -
—JL (u o  (  u* H  (ASodS ,
4-tv 3 J 5! 9-k3aoS s  ( 6 . 2 . 2 1 )
Addition o f equations (6.2.20 and 21) gives the term o f 
2order k in  IT as
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which is  zero since ■
J O Y  =  -  3. C n .r io )
and VI ,  ( •  n0 c\S>0 — O  j  uQ being constant.
s
Thus from equation (b.2.16) the f i r s t  non-zero term o f e>- 
is  o f order 0  in  accordance with Rayleigh 
Suitable combinations o f equations (6.2.9 -  12) give the 
fo llow ing relations required fo r  the determination o f th is 
term:
\
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V o C n « p )(t ic /  =  - 1  ( Uo•[ ( i s  c f R  c l s 0 
j  F r  4-11-1 L 1 a.
S. x ✓
+(ip / /  dS-ft \  u, Ffi3 ell -t Vo 17xVSolas .J 'j/ YivSho 1 4 -i I)ft5n.c> g &lThdrto J
The above three expressions give the f i r s t  term o f CT as
- k  \ fe . p ) [ u ,  - u3 (uc .r)u>, ( u c — u., (U p cf 
s st
4-u.o (U j.'c td  AS
~ r ~  - ;  . : .
= - k *
l\n
(u.1 f Ui 2 ^  ds As* -  (u* \ Uo / ( /  As els* 1, 
- J J ?>l  ^ J gv ”5i\3fio Js s
(6 . 2 . 22)
a fte r  using the re la tion
^  5 mentioned previously.
A resu lt fo r  the f i r s t  term o f tr has been derived 
previously by Van Bladel £3]  who obtains
P  ( r  +  £■1 )
4 t T 3  ( 6 .2 .2 3 )
where V is  the volume o f the seatterer, and
S
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P, being the term o f order k in  his expansion o f the
/ SC \scattered f ie ld ,  ( i . e .  equivalent to our -u  ^ ) .  
Manipulation o f the second term o f (6.2.22) leads to
4  ^  i  Y j Y  [ yx  d )  ( o ? . " s )  +  n . i Q p J d s  d s . 6
S l  j  j
S S
j . T -  
s i  L
XX' r  [  n 0. k  dsdS o — C n - ( a  (n_o k '3  d s  dSo
s s
^  '  ( V - ' C o )  d V 0 i s !
V  S
= 1
51
[  ^ div r dv^  -v j div  ^ b x . dSe d\J
X  3  V 1 ]
s
V
The f i r s t  term o f (C.2.22) can he written as
L i  \ A s
3 ~
z
, which, 
s cin  terms o f the scattered f ie ld ,  u^  , becomes
1
1
3
 ^Cur + Uc* l) Q dS
s
- 1
3
U,sc n clS ~b V \ii
\
Thus i t  is  seen that the to ta l expression (6.2.22) agrees 
with Van Bladel*s resu lt (6 .2.23).
\ ' . . •
We now proceed in  a sim ilar way to find the second term 
o f o f order k^, Manipulation o f equations (6.2.8 -  15)
gives the follow ing four rela tions:
J  ...................
Cn, Uc") AS. -  \ U., A (.n .Ui) ikc.'C)
~ ~ 5 T
i ( %  j r  A s*  "+■_!_ ( f t  <(So ~t-_L \ U ,  ciS0J 2, ; c)iuW A-xt J 3/ ~3hic5io 4-7T J /jJ  Jivc^ /io
-f
y j l  ( Ui y A  d s 0 ■+ j _  (  i L _ m  c/So . A s
4-ttJ 5/ Ohdh* 4 t r y C l  dhho
4-  i ( u x  U R  d S o  - + 1 _ (  Wj  Y R  d S 0
4 - i r J  a . T > \  S u  X t r  3 3 1 ~Sr\c)n0
S '
X  _j_ \  Xo 1 R 3 '<&> 1  a s  - l  ( ( 4  f  Uj M  d s J s  
4 t v  J 4 ! "Sv5ho J . 4tt J J 9. XXn*
S 0 0
\-±. U  U  X Js
4rr J J 31 On 3/ u s s
a n a
(uo C n .w O C X -fO 6 dS =  -  ( f Uo  f  a ?  / R  J l t l S
J ~ 9 T  4rrJ J j . a
S *S 3
-1 ( t u t  X  d /Y  JSodS - I f  Uo^ik^t6 ctsJS 
4 ^ 3  j  5 /  O n O n *  Ipr J  J  ( ,/  I  O n *
s s S 5 ‘
6The term of order k is therefore given by
k  U n . u c ) k b -  V i  —  u 5 I a c ■ r )  +  Ui. (uo = c/
~ 5 T  * 4 r
~V {\ k c ,r ) 
Sb
4-s (U c-r') 4- U„ C U i- r y  J cO
•3! I J
:-J<
An
(> r-
u.i V  U| J / H  c i S o A s
Q s ] “3X3n0
3  ( u H  u3 d r 1 As  I s ,
\ i     t — *Y"1 J  {,) di\on0
UHu, J e  As. As - a  (uHx Jgy As, As
 ^ 4 3/ dnlno J J Si 3h<W
( Uc ( jx JR6 As* As
I  J  7 / d k d h b
(6 .2 .2 4 )
Addition o f equations (6.2.22 and 24) gives the f i r s t  two 
terms o f cr .
(P rec ise ly  the same expression can be obtained using a 
variational principle given in  Morse and Feshbach, Q>].)
We now require expressions fo r  the in tegrals o f equation (6.2.20) 
involving u2 and u^, in  terms of u^  and uQ only.
The in tegrals concerned can be re-w ritten  as follows
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and
. ( u x f  A ' S t B ?  i S .  i s
J  j  d n S r u
-a  I \ u x n
5 S " -----  . ’ 3
We now define a vector, "t f by the re la tion
d S
n = - l  I t
4 tt
t fc> /  fl\ iS . ,
^ T 5 n 0 \  R  J
S (6.2.25)
and re ferrin g  back to equation (6 .2.9 ) we see that
A  . A  -  U , (6.2.26)
Hence we have the follow ing expressions in  terms o f 'C
A Q 1 S =
J
(6.2.27)
and
IS  -  \ t :  [ f o )  \ ( p . u c )  (Uc-,r0 )
J  L  3
-4-1 (lb  F R  c|S~l AS*
4 - 1 1  j  4  Y 4 L o  J  ( 6 . 2 . 2 8 )
3
a fte r  substitution from equations (6.2.10 and 11).
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I t  can be seen from equation (6.2.25) that 75 is  not,' 
in  fa c t, uniquely defined, since any constant vector could 
be added to and (6.2,25) s t i l l  be sa tis fied . However,
on examining the in tegrals (6.2.27) and (6.2.28) and 
re ferrin g  back to the conditions (6.2.17) and (6.2.18), we 
see that th is constant vector would not contribute to either, 
o f the in tegrals concerned.
The only part o f equation (6.2.24) which cannot be 
expressed in  terms o f u^  and uQ is  the fo llow ing in tegra l
s S
There appears to be no.way round this fo r  an arbitrary body, 
but i t  w i l l  be shown la te r  that this in tegra l can be 
evaluated in  terms o f u^  and uQ fo r  the particu lar case 
o f an e llip so id .
\
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(6 .3 ) CALCULATION OF THE FIRST TERM OF THE SCATTERING 
*• CROSS SECTION FOR AN ELLIPSOID.
In order to evaluate the integrals o f the previous 
section fo r  an e llip so id  we employ e llip so id a l coordinates,
 ^ p ) > given by ' N .
x = il SKloC Sn/3 Sa 
y = — 10 £  k' cno( ca/3 ca^T
z =  - i X  k* dhol dh(3 ctn<Jf
where L  is  a constant, k, is  the modulus o f the e l l ip t ic  
functions and k  ■=. CI hX)  X /
Butting .. "iT = a c o n s ta n t,^  we see that
X  — u  — : z .  —
kv Sh'V Shy3 - U  k' ^ CnX. ©>^ 3 -V- k YnV dn/> ~  i
a fte r  using the elementary relations between the e l l ip t ic  
functions given in  Bowman £9]  . Thus we have the usual 
equation of an e llip so id  with axes a, b, and c given by 
a2 = R r  SViTo
h2 = - t x x oRXo ,
and c2 = — J O  d O f o  }
since CnY fro and c\rv &6 are both negative.
The e llip so id  can be referred to as the surface r  = x .
The ranges o f and IS  in  order to cover the surface o f
th° e llip so id  once are as follows
-3 K  < k x a K
K  >  ($  ^  K +  a - i  K '
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cu\d fr '-  &o U-oH* 'C -Kv ■ ^
where K and ,k/ are the complete e l l ip t ic  in tegrals 
defined in Bowman [9 ].
In the fo llow ing calculations we shall he making use 
o f the theory o f lame polynomials as given in  Arscott \jf\ . 
Various properties o f these functions are summarised in  
Appendix E. For d irect application o f these properties 
i t  is  more convenient to allow j3 to vary bebween K -  2iK/ 
and K + 2iK/; i . e .  over twice the surface o f  the e llip so id . 
We shall therefore work with th is domain of integration, 
denoted by YL , and divide by the factor 2 as appropriate. 
Other quantities required in  terns o f e llip so id a l coordinates 
are the element o f area, dS, on the surface o f the e llip so id ,
as .= iU f  (.SnV — -S ift K ) ^
x  —s Y  v ;  4 Ao( A[3
and the normal derivative operator,
a  -  _  I
.  J
f t !  ( .S n V - S n -  Vo)  ^ . d k
on iT-^o
)
I  • . d
K 3 0 c >
oa
In  order to find the function u^, we require the solution 
o f equation (6 .2 .9 ) which is  now written as
- i
M e )
JLCuc.c) 
. J  *
h Y j x M )
T^T J K J D K jI'G) 
I
J '  ' ( A  
W x \ £ j _
u
IrATa
(6 .3.1 )
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We require an expansion of F  ( \  
L l T 5 ? o  V  r I'Zfo
/as a series o f Lame polynomials.
We le t <x.
JL = Y Id Fy, pU„6L~j~j; ^  m jn  ^  ** j « i - v  vv- *  I v i /
m^ rvj cp • • .
where the summation is  over a l l  possible in teger values
o f m and n and a l l  prefixes CL (e .g . u, s, c, d, sc, sd,
employing the polynomial notation o f Arscott [/ ] .
(K.
The coe ffic ien ts  Hm.n are fnnctions o f 4  and /  and 
those required are calculated in  Appendix H. Thus we have
vn
*■=&
\ k A. • "7 t—KA . -_KV\ ^
M m i n  |  p ( p i \ | 2 v  c x r - h .  ^ L ^ 0 )  | 3 & )  *
(6 . 3 . 2 )
The l e f t  hand side o f equation (6 .3.1 ) can be written in
terms of Lame" polynomials as follows,
_o
[ § / £ ■ )
/)
and
sErp ( f t /  4 r t u  t i  p (ft i(5j
where C1 = CoS©^ p i  ChlS Anlo / S3K.X
1 I f P v
c 2 = d @ u  E l L ' 1 s k V o c ln V o  f  3 -6
J  V / r f e A 1
—  CoS<3z  I  n  /  S k p  d w /  /" p r r i t d 1,1
V 4  by J
\
c3 =
J
Jft =  cos0j<_ i  -v cosi9o| J  4  Cos0z  k
(6.3.3)
etc
•V
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Thus from equation (6 .3 .1 ) and expansion (6.3*2) i t .  can he 
seen that
u t (d o  ( (2>o) — S i  5/  Y°/|So) x  S x  cE| p <9° j(2>9 ._
X B 3 p / 0l/2i) -X  CL Ca-d-xnt^  e  r
( 6 . 3 . 4 )
where , B^, and B  ^ are given by
S n* lit.
01 .= +
1 8rr
c 2  «= 7  k v £
<Trr
E D S ,
D M / ’
J
'3 -  A  IfJ L  
Sty
( 6.3 .5 )
I ' D  b 3  \
\  z
I m i
\  Y l v j )
i j : j _
The constant appears in  equation (6.3*4) because any 
constant, C, s a tis fie s
A V ~ o  .
However v/e shall now employ the condition (6.2.18) mentioned 
in  the previous section fo r  the unique determination o f ILj. 
Since U0 -  1 the la s t term o f (6.2.18) vanishes leaving
[ ( n . u x l x . r y -  AS =  —  I  (  {  U( U  e l l  dS> .
J a. I J  J xxn0
( 6.3. 6)
\
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The integrand on the l e f t  hand side is  given in  terms of 
e l l ip t ic  functions by
1
3
CoS <%c jaD  W S h f S S k f t  — CcS ©U J b  k' ' Choi Civ (3 CH fe
-y-v COz. k  Artoi dn|S c|i\ ft  ]
|Ds0x Jb Siv sn(3>cnte diV0 -l cosQj k U  Odcn£sr&cin& 
-7 Cos6j Skiff' cjnoidnfi snte caYJ >
Since no term of. the above expression can be expressed in 
the form. uE?o p(°^|?0> 'fciie orthogonality property o f lame 
polynomials given in  Appendix H shows that the in tegra l on 
the l e f t  hand side o f (6 .3 .6 ) is  zero.
In order to evaluate the r igh t hand side we note that
J J  (■ ID  ( f r ' U -  ShjM cW ~
F W *  f t  1 1 J  w n
- j - b  f \ )0 L M T Y Y ) 4 - 'Ovo/oCkY 2 6
~ - t k '  A o l o  d Y J o ]
4 *  f t  7  J  J f t  Sh V  s T Y S  S v \ V o  S k f t Y .
—3 .7  |D I  k' O a k  Ovlfo CnVo o Y jC l B\)0
9  7  M b  claV  Af0 fo AnVo clYySo
t b l i  1 ' ft|)0 Y  C, P l ^ o  uU>°p0ft>,|3s)
+ r C  m
\
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- l 4 r T x y d >  +  f t ,  /
4 ^  VA- p  (plo j ^P 6^ | )
where c^, 0p9 d^, &2 are defined in Appendix H and we have 
used equation (H8 ).
Inspection o f the above expression shows that i t  only 
contains polynomials o f the types u Er0 p (od0;(3to) }  uE^a p(°V) (SO 
and ^ p^.o} • Hence, making use o f the expression
fo r  1 7 , we see that the only part o f 17 , which contributes 
to the in tegra l,
u , 0 f o)
W o J H o
I  I  .
is  the arbitrary constant, c. Thus, fo r  equation (6 .3 .6 ) 
to be sa tis fied , we conclude that c = 0 and is  simply
given by
u.i (/ & )  ~  B\ s E i p (ft ,(?>) 4 - 8 r, J 4  p
■ v B j  a E , d p  C / R )
( 6 . 3 . 7 )
S c c\
From equations (6 .3 .5 ) and the constants )0,J ft 1,0
given in  the appendix, we have
8 )  — _______ c o s  Ox(1  / f t  f _________ __________
[Hv To'A/0?o (,1fo f= Ofo) — ■£ E )  4  Si\ Vo (1+ I"1 oft
Ba. “ C os® . ( ( 1 / 3 ^ 1
R t iP  gUTo [  yc — 0)  .= ( 8 K ' - b ' ) )  .ft pvvyjy-
feT I f  J V
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and
B y - / C o s © , .  f a r  h R y i T . "
" ' Y )  + Z' Sh&to Ch)So •’ E f l £ )  ~ i  C K '- e O \J
. ( 6 . 3 . 8 )
Having found IJ^  we can now proceed with the calculation 
o f the f i r s t  term o f the scattering cross section, namely
- f  I l l M u S 1 U.L (sip.).(^2
cfe dSo
|6ir ( a  | b w ^  K j Ck  ) _ y r k ; _ W o
_  i i 2 t & + d sd S o
(6 .3 .9 )
Writing
I W W * .
X R
t o o
in  terms o f Lame polynomials we have
U m j
— X>\ sE| p (a/D  s L  p (90 j|io) 
X D r  (k ,/ )  c t T p / o / X )
d£,°p (doj/A
where =
B2 =
D.
-\(o v l  (  enVo (W o  y ~
3
’ 1 L h J L l U n Y v  ck  YoY
H r -I Y  (.S\Y0 cn Ro) 
B .
■X
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( d F   ^U, (up) (s/ft -Sn-ys) 4*.c\s J U , f  j(©o) 
"  1  2
from which i t  is  easily seen that
£ £ ]  x LWo J A
v^>
>( (Sh\x!0-SM1'/3o)
-  -  ( i M f  L  & X  4  b , x  -t b L  X
3 /  •
(6 . 3 . 1 0 )
<■ \
To evaluate the second in tegra l o f expression (6.3*9) we
note that the only terms o f X  p.--
LoodAoJrX
the in tegra l are those expressible in  the form
which contribute to
We bave
p )fL  1 — 8 (sh/cnVo clnVo) [  L f — j f f s w  Siy3 st\o/0snQ c
L /  J) °-J \dfo 2
4 f f f  cnu op cnfto op, —\Zjt\i dnc<c$npclhZi>cln&] 
4  4 U F  jJLk-v-I1 $/cfo —3. kV/hZo Shft Srp s,n4 Sp® 
- R  W 1" t 1 c f A  C hdO xficndo  G p 0 4  V  c f/ fe  x 
xduft dp cR0© dtp 4  l v E ( V e /ft c/p  -A n t drp3 
4  Otdoaftpo —clnVocfn’v/S*)J  ^
—(d®  clkTo) SM Sip S>rW0 Sip, — L  (Sftfe clnfo)x —  ^ ^  
>X CVud a\|7 Cftc^ o -f- fl1 (%KOoGxto) dho^  c!/v^> cJdoLo cld^ o J ,
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I t  is  shown in  the Appendix that 
Sftot. — J _  - V c l  l i n e a l  C u l t  nation. <i_ u f t j  p (o /,|3 )
C n V  Chv R  -  —Y 1 -fft)  4  
1 o  Ui.
Anfti Avft/S ~ ( I- ft) -+•
3
n u - •
. )
M
and making use o f these relations in  equation (6.3*11), we 
1‘ind that the fo llow ing terms contribute to the in tegra l,
8 k^Jl M y o X oU  u.E « p ,^(2>Y k E o p f t j i  Y t  /j j \
1 f f t  1 1  /
The to ta l in tegra l required is  therefore given by
R t\ ($fto(-$nv ^ > ) A ^  \ r j p A 1  (sJo (0:-Sft/sQ cl
B T L j J r i l r .
4 4 -  I f t  ( .s k Y  c w Y  cl iv V 0 J
I
( 6 .3 - 1 2 )
Thus from equations (6.3*10) and (6.3*12), the to ta l expression 
(6.3*9) becomes, a fte r  substitution fo r  Bg and • ,
\
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- k “ l —64.
lfcn L 3
-D kD k4! 6.
-
(oL{- /  j Y  ( t  A w  CnK  c f n f o ]
C o O O x  o W a  cIh^ A'o   ;
£cx& <Wo (& -B C to )-i E C ) - \ W o  ( I f  k w % ) j '
______________ C p IX ,  Sh~Xo d / jo ________ ■ .
jAOf* clivfo 1 1  -B C to ) -+ X  L lb K '-E ' Aj-r-thfe  ^j i g X  — i)J
X
f D-
C o S  k  s D f o  c X i f o
—7
j }^GLJhYc> ^Chv fc '•+ lbL S0O Chifo O^ESo) 'l{K*~£7) )  GJ J_
(6.3.13)
A useful check on th is, the f i r s t  term o f the scattering 
cross section, is  to compare i t  with known results fo r  the 
special cases o f the sphere and the disc. The e llip so id
A
degenerates into an e l l ip t ic  disc when <T0 = K + iK and 
expression (6.3*13) then becomes
4-
f -cX P '-Lk1* A il k X  f V e y e ,
n  ■ I  H  E "
and fo r  a circu lar disc , k  -  1  ^ E -  tt/x . we have
Y j i i !  CdS^©2 
S O t t
■ •)
which is  in  agreement with that obtained by Williams ClOJ.
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The reduction to the case o f the sphere is  obtained 
by putting = u + i z '  and le t t in g  u 0; the e llip so id
then becomes a sphere o f radius &/n . ■ .
With Y0 = u + i z '  expression (6.3.13) is
i-TT c
i.
R H '
4.1 • \ Cos I *  cJ
3  \ f  f  j- - c l  / 
f c s 'H RS V S Y J
Cosft<©a eft
—ic  
■ I? V ( a  -  ecu.)- -  tA nV fe'x fc,xS /> V ' f t , - 1
to'C'^ z. ef t  k  ^ _  i.
) j
where we have used the abbreviations s = snu, c = cnu, d = dnu.
To evaluate the above 
Maclaurin series;
near u = 0 we require the
snu \x - - 0 +  f t )  u 3 . « . 
V.
cnu S\J ak *■ 21
dnu rv \ - f t u x - 
a!
and E(u) rw u. - - f t  U3 «
3
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which lead to the expression
Hr X z  I  x  f e V  2
3  I  3  J
-V  X  . j l | _  E V |  "  4  c o ^ g z  . | 7  h  t  Usj  J
k  4 e  ( 1 2 ) X 2L  
3  U /  4
This agrees with the f i r s t  term o f the scattering cross section 
fo r  a r ig id  sphere o r ig in a lly  found by Rayleigh and given in 
reference j j l j .
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(6 .4 ) CALCULATION OP THE SECOND TERM Off THE SPATTERING 
CROSS SECTION FOR AN ELLIPSOID.
The second term, o f the scattering cross section as given 
by equations (6 .2.24), (6.2.27) and (6.2.28) is  now written as
fe r
a
I fen
\
.5 1  J h ^ l r )
U,(rN I  \ U, (r.)
k j 6/})
YR  
Y Y 0 _
d S ,
h Yo
I  ( .  d s
?! J ft3 ( r )
T
13 On,)
ds«
R \ Ut, Cr)  dS
ft! J f t / © )  i  ft/ to )
I T  d l
+ 1
3 !
I  Do3) (a  .uq (uc.vi) x _L (A (JAiL\ dS I He
-  ~  I  -   ---------------- S n  h >  I A X J  ' J
1  \ X  6D  Uo * \ t ( C) j  (sa.uc) (+ .\ q
o j  ;  i  a.
- k A  I  U (( f )  D R  d l l  d S  dSc 
X  H o  J
(6 .4 .1 )
As we have found the function IT-, and "75 is  given by 
U.{, * %  -  iXt , the only unknown part o f the above 
expression is  the term involving U .^ To find, th is we re fe r
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U-u. ( . £ )  ~  ( g g  r f  -1
back to equation (6.2.6) and see that.
, , ,  i J r M m  - i - Y  J R lc iS o
A-Ti .)! S. ^n£> j
' AMultiplying by /h^fw) an(^  in tegrating over the surface, S, 
leads to
( u - l C i )  A s  —  _ L  (  C w • i 7  A S  4 - l _  I  u z ( r j  ] l  { _ U  . A f t  A S ,
;  f t  f t ) ^  J f t ( r )  4-tr-J J i  l i jk )
+  1 \ 7) \ R As i f
Srt J d r i f t  f t  f t )
*2
(6 .4 .2 )
From the expansion of V r  in  lame Polynomials, we have
s  ( _ i  =  -  J  x e p  o )  j _  x ( c )
s » - )  c  '  11 L ( « J  b&s n3,
=  - °  )
since the coe ffic ien t Ao,o is  independent o f JV as
seen in  Appendix . ' We therefore have from equation (6 .4 .2 )
W  f t ) , M~ 1 1  ( u q f  A S  
j  ft ft) ^  ) f t ft)
JlA-3 1  ( R AS As 
J  jlftft)  J o J ft ft)
S  5
o *
(6.4.3)
The function U2 appears in equation (6.4*1) in the form
A S
k U )
I y e v
x
d S 0
The terms o f n w
\\z feY - feta
which contribute to the inner in tegra l
were found in  the previous section from equation (6.3*11), 
and thus the inner in tegra l is
J2A v I5tt k4 F  (siv/o cnta dkfo £  .
which is  a constant, and therefore the to ta l in tegra l can be 
found from equation (6 .4*3 ). We now calculate the .two 
integrals o f th is equation beginning with
2 8 1
JeLzL  I CSv\vo(c> Shv/5o) xL (  R  ( skX —S.rF/2)^  d/cl/5
i t u  y  £  R
the inner part being equal to. • . •
~i E fcV' Cs* ir XlTo) -E (xT  k7"~ cnTx CMv/?o
.  — d n '-fi J
A  S  i  k^Jl M/Vo sn^/So f t b£)
— Q. - t  fe^ JL E* Ck VckK> Ck'Vo Ga^/So ft b6
*2* ol
— 3 T F  k' Ah. )r oln ifft. cll/ot cfhpo 1 ,0
+  k ^ F E  (U -O - f t 0)0 4  R a)0 u H t p f f t o p O
L 3 /  ^ :
The second integral of equation (6.4*3) can he written as
)
“ X V  E  7 . I - / )  A 0 l „  4  4  A j .,0 U . E J  p X f c )  
+  c L  R X)I u .t2.p  (4o,/3®)
where c^, c2, d^, d2 are defined in  Appendix H and we have
used equations (H8).
Thus the whole in tegra l is  given by
W  X  [  - S s l  f i t  I  k 4 ( v i r + ^ i i ) - 9 W l - M . f t
|6tt LVo , f  I  ..... 3 . 3 Jk
4 -  | G  t t ! v
3
^K .V svvV 'o  - E  O . V c a V 'd f t )£>
— dnVcfnX ft Mo on V - V o
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=  “  k * F\0)0 SkVo cX o  dn!r0
' S S '
x  \ A < t  S.K.X [  3 d |,'o  +  O tV „ A a  ft , ;0 ]
*3 L o^o wl
^  CK.^ 0 r  CkYp d Q SK.Vo c|k\X f\ y jo l
—  3  L W  J
— dvu^p — k^ 'S 0  cxV; f t u o j
Substitution o f the constants leads to the expression
- ? t t  k ^ r  c k  - / f c o ^ v .  c v 0  cIrLo
Hrlfeu k  £  SK*fc Ch.Vi>daVo p&> -- EC&>) —
S  , L  k^^ t>
+ Jk  k l 3 u r  a  Shfc dulr. f c  -F & ) i V QlK'-B) 
3  1  - p  F
x s K ^ x k X o  
• . feR chfe
+ I k  t i 3 d / a  a VockV0fX C X )  q c ' - F )
— Y  s>X* odr*
cIrvTp
I t  k x j /  s k V o  g X o  d ) X 0 C ^ - i Y )  
3
(6.4.5)
K •
.283
Addition o f equations (6 .4 .4 ) and (6 .4 .5 ) give from equation
(6 .4.3 )
\ Uli('r) f t ^ f t - I £ s " 0 x f t  M ft
x ft  ft) 3
— cc&x 6>3■•'(ftcftta —  Cd S.&2_ f t ' Y
% ft I 3 Mo cnko cfhft {%-<■ j )
3
Hence the term required in  expression (6.4*1) is  given by
-2 f q jr ) AS ( I _____
5- ) ft  ft ) J ft f t )  [ J Y Y  _
A f t
— (o W  i t " 1 f t  A  f tk Y .c h Y  c L y )  
T 7
Cos. f t  M Y
C o l  © J  C t O ' Y  —  C C S 1 © ? . A l l l c  —  Y _ ( V 0 -  C b )  i n k  C h f e  c l n k l
f t
(6 .4*6)
We now proceed with the calculation o f the other four terms 
o f equation (6 .4*1 ).
Considering the f ir s c  term, .
" '" ip
H ) \ U\ K,/3J (Sn-cd-AAp) a ocm  \ u.t w0j(o0;  f t  R
5 ] J A
z  ?
X (SkVo -  S n f t )  cf t  cf t e ?
M Y
X
.(6.4*7)
we require the terms of r 2 t f
I ,
r r r n  v which can he expressed
as polynomials of the types s Er,°p(cft|3o)> and
c*E*p(°ft; (So) , since tft " only contains these types o f 
polynomials. From equati on (6.3.11) the se terms are
If? I?- & (s k t o  O\}fo cjhfe) s ^  ~t"
c E f t  f t  tETftoft) — a E f t  f t
(c.h.'Co cIhY) ^Ep (pi) (A) $ E p ic  j j )
(skY ctkhft cEp ft
4 - p. M 'y  ctvVo) A  A ; j  j E p d j  & )
+ 4 W '  W  Y  f t s y s  J,
■)( d o d C k f t )  j E p  Go f t )  4r S.K./ S f t  ( E f t )  $ E -  ,{o)o y f t )  )
5 *1  J
—  l i f t  k 4" M y  f t  f t  f t )  £  O?ol C l i f t
-4 - 3 c to tc n / i>  ( f t - l )
5 f t
4 -  f t  f t  f t M V o C K Y f t  d ^ k j p )  f c W f t *
x  d o t  o Y / 3  ”Y  J n c 2 d i f t  Git - l) ~l
5  E  )
4 - f  k  (onK, SE|) p  p )  |  l i p  ShoiSnjS
Hr SHolSH^ S C l^ ft
~ + F  E  ( s d  d / o ) 1" / J  J  J5p> ( 4 4 /  C n K C n ji d / d  d / / 3
- K o t f t c p  o r ) !*
•—X  /  (snfecnVo) (SEjE. V  X p V j / /  J  i d /  da3/
- + 3 > ( W d n / S  ( I t j  lj .5
where equations (H7) have been used. We have dropped the 
upper and lower indices o f the polynomials, E°, as these 
are the only types we are using at the moment. The inner 
in tegra l o f expression (6 .4 .7 ) is  therefore
l£ %  TT W  (shfo C n K  d u V * /  7
3 $  I
4  F i r  d f e  M X  
3 M  (on.)foc(nKT V p  L ) p )
G k V® d h .V o )  c _ U p ( f t j p )  0  5 3  o t )  d E p / p )
1 4 
+M « W i  [  k  t o . d X 5, A )  ,E r h : (s\
— k  (skVo c lX o ) 3  B>i ( f t  " 0  r [ : p b ){ i )
T F  1 .'
  V \1 (ShX> Ovlfo) E>3, ( f t - 'd  JXpfcl^fS)
s i x  1 '
—  k  ( c n X  r in 4 )r  H  (1 -k D  s E p / jS )
W  1 '
+  k  Y s K V o c iv d ) B z  ( 1- f tO
w  1
+ . f t  ( GriSo) 3  S 3 ( j —k A  >jEp(oi ^3 )
Sk"
and the to ta l in tegra l becomes
“ k. 0  f  fetXo cnfo H & y  f  S J - S I + S Y
_  2) L
ShHc f t Y / j  3 /  (cv\Vo cIm.Ao) +  B /  clkfe)
-  \ t 3 /  ( s i v f e  d & y - 1
V-
J/ h r  f t - l Y f  — g /  6>nVb c!k4 )  —3  (H fc  c k S
15 • L
-b s /  kloTo C n fc/ — S /  (pnV° c L f o )
I t
— 3 j, (s>vVo cIk-V/ -b 3 B3 £6X^0641^ 0) (,
• Y  J
A
\
1 1  ( £ $ : f  3 o k&dUy (V- SJ+B/) 
" F T  3 L
** ! * *
Bi ( 6nVo d _ fe ) 0 + k )  -+ Bj. gnU dixfe)
5 /  5 / .
f  (s/r* On.iT®)1' ( f t - / )
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( 6 . 4 . 8 )
We now begin the determination o f the second, term of 
expression (6.4.1)?
lT
( r
. e .  —  ( t  E l )  | ( s h V - a v p ) c k d p >  > F n
T
X
V“Afo
(^ V o -S 4 bwCiviio C\pc>
1
by writing in  terms o f e l l ip t ic  functions as-
DJrifoJ
, p h
i > e
U75&
—  6  f  [ —  j / F  ( d f t V o  c I k I Y  S M  7k  j l  S p ®
—  y y  k' [ik toC W X -S  C l W G p  a\do o p ®  
- + M V r X  & k V o  c k 5^  d h o L  d ^ y S  c f n ^ p d n J  
H *  ^ 4" ^  £$>h^o C k V d  d k f e Y  E  E  S h ( ^  S K o A o > S A |? > o
C M  Cnp  C r W s t p t >  —  j/JL^kcf  h o t  d n | S  J
(6 .4 .9 )
where
C fv ]  FYp — 9 - [ o t o l o ^ p  -fGi'Wo o t f ib )
- t  R  (j ln V d i^  -+ckV<, S>v^ To SM9ysSm^oSh^5o
-9  I? ’ /? V Cnx(So CMCa&^ndoCK^-VtrE dth% JiuXclpS..dfliofocln/3o *
1 f6.A.10)
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Although the calculation o f the required in tegra l is  fa ir ly  
straightforward, i t  I s  rather lengthy and thus some of the 
calculations w il l  he omitted. We shall treat the two terms 
o f equation (6 .4.9 ) separately. Considering the f i r s t  tern 
and'multiplying the part in  the square brackets by 
- equation (6.4.10) leads to an expression containing polynomials 
o f the types
sE°, cE°, dE°, sE^’ 1 , cE °'1 , dE^’ 1 ,
uEg'1, uE° , soEg , sdEg and cd E gp A p ) .
Y/e therefore require the in tegra l over X  o f thin expression 
m ultiplied by fcR (.SW'aL — Sh'/So)  . where, in  terms
o f lame polynomials,
( R %  v0 -  - X i H X  - A f )
■+-. k lT  I/  [ q  -vcx uE/pEjfQ
-kC j U. b y  U c tf Y  •+ C-i v A l p
—-J R k  C L  j x j  p o f  -v-1  Y i p / i d )
+  1  p “V* dn i i D  p Z ° j f j f j
— 9. k. i. 'SkA i  sBpfct,^) s,0 p / “;(3o)
2 k- -d o f  3  T it cEp (pljjS) tE p  C/Yn-j
+9A  cklVo 111 c{b(i [d ,f  dEp/'oj [3o) >
U |z
(6.4.11)
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This results in  a complicated function o f o( and j2> which 
on integrating again over X  gives the f i r s t  term o f 
equation (6 .4.9 ) as '
~ (o  ( f t  f t  f t  f t f o  CkY c k v ft  4  f t s l Y  - f t  " A - l
• S  —  N  U  j
f t  ft  f t  ft  f  f t  Y ckY f t f t  [ (ft© -ft)  
3
f t  -  k  C, ~T k  M l )  4" ( f t  C i f t f t f t f t '  C , - v kr c j j
f t  • . f t
4 - \ a  f t  f t y  M V o f t S f t  V Y  G i f t  A n fto
4 -  C i V Y  d i V Y  £  (. 14  f t )
5 J
4  IS  f t  f t f t  c s lY  j” — 9 .f t  Y  c ftY
4 ^  S X Y  l u Y  O d f t f t j
12 f t  A l Y  F 2  f t  f t  Y  o 4 Y
^  L
- M L M Y  cftfo f t f t f t j  3
(6.4.12)
where the constants s^, s2, , c2, , d2 are defined in
Appendix H. I t  is  eas ily  shown from equation (H9) that
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(6.4.13)
and ?>>. — k* Cx. -+ k  di_ -
~ F “
O
id hence expression (6.4.12) s im plifies to
G f t V )  j /  CzkYo ckVo c U f t  J  j) f t  d Y >  -  (* I - f t )
3 j
(6.4.14)
We now turn to the evaluation o f the required in tegra l fo r  
the second term o f equation (6 .4*9 ). Expressing the part in  
square brackets in  terms o f Lam^  polynomials we have
k f t  - f t  f t  Y x j  f I x  s, f t f t f t f t  • •
4 - $ v u E )  p G o  J  (So) |  4 -  1  f t  ( f t  C k Y o i f t  ^  y y )
4C( u.Eft(o!0f t )  4- CLu E) f t  o f t)!
d f t  [ O f t  4 -  d ,
4- J  f t )  f t f t j
f t _ \  4 snoi s f t  S Ep f t f t )
E  j x cn«) e ft ftp  f t  f t )
f t
-- 2 f t  (% ftF N),/i Ac) d ft  . .ftp  f t  f t  .
V u P1 i/
Y  polynom ials oj- J e  f t s  SCE ^   ^ ^  E a° p f t f t )
The above expression multiplied by’
2 4 -  H  A w  c X ,  d h V o ) ( s / X  -  9\x f$o) Ah  U  -  ' s X /
is  then integrated twice over 2 . , which results in
( skVo ? t t  y ~ \t J t  i t j y  %
3
x§j ft414 k JL(sy~ k \  +JZ di )(/c,-c!|)
y  3  H
+ A r  k - 4 I G k  A .  G x -  k  L )  ( ( / c . y  Y . )
X  3  T x
X j  ft. I 4 A  4  ( A n  1  -  .4  ft10 I 6- ChHo (
i l k V  U k V
- 4  k P l 6  d X r *  / I n /
A fter employing equations (6.4.13) this reduices to
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Addition of the two expressions (6.4.14) and (6.4.15) gives 
the second term o f (6 .4 .1 ) as
(  J S _  L l _  I■  F l f l
J  I .  ( v \I V / V \
^  n <,k j _ v - XK \ Y.L. v ~ y v u V=-(To
( x  m  —14 x  ( x y  g i  ckfc o i i / y  
7 0
x f  7 k / / L o ~ 7 _ ( ! - t f ) 7
o
“ H  t4  6 kVi  ch.fe c k M  f f s k Lt e -  j j M
4 5  3 .
(6.4.16)
I t  now remains to calculate the la s t two terms of expression
(6 .4 .1 ), namely
( t ( F l y . u p 4 . /  f t  i f  i  V i  d s U S o '  x
.) "  I -  X  &  j
a.
3!
-X \  u . i lO  'a, .
I  7
j  ~  L t )  '
(n .o c ) 6 © / .
•a
4 _ L  ( Uj (To) X £ _ c lS o | clSdS, 
' 6rr J 
Z
(6.4.17)
where from equations (6.3*7) and (6.2.26)
^  ft ) — ^M I p i .  H" T5X c_t, p(o/,/i) A
c u s e ^  1 r  / o
_ L .p  - »r z °  /
f t  V->n? 1^ L_, vD (
CoS
r o t  ^
U-I p l f t s )
(6.4.18)
I t  can eas ily  he shown that this fimction, 'C  ^ s a tis fie s  
equation (6 .2.25), by which i t  is  defined.
Considering the f i r s t  term of (6 .4.17), we have
(y\o * GUft) f t  \____  (_u_c» Vo^
"  "  ■: g . k s t e )  ~
—  —  \ [ " C o S  J t  J 1  ' S i W o  d o  —
G f e )  L  1
cos©* kH k7' cm ^ Cnfe At A  Cos^z. ^  rl/'ic/0J ti^ o J n X
CoSSAl I2 S/\&> OvVo ~t~
CoS k i[ k crioAo Cyi|?)o %kko gIdIq — -C cos0z Jn^oJn^  SniJ c^kTJ
Since none o f the above terms can be expressed in  the forms 
^E, pE ftp*)  ^ or d t jp fc jP o ) then
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I  G O  ( V U l " )  C&o —  o
on account.of the form o f ‘k. (6 .4.18).
As mentioned in  the urevious section .
u . C t y  I R  K k
J
S S
—  O
and since '~C_ contains the same types o f polynomials as u^, 
then the second part o f the f i r s t  term o f equation (6,4.17) 
also vanishes.
We now proceed with the evaluation o f the in tegra l
f U., (vo) \j\0„ \ p  (D  (in ,uo ACui . r /  dS dS,
3 J J '  "  % '
( 6 . 4 . 1 9 )
We have
( n . o c l C u o . © A  
A
_  \ 
3 i
j L  U c c t )
W o
— -L jc o s P x  I i l  svLoi .&> —  tosGj R V p  c m  cn fi c W
-+ Xc.o$0z Jlk'dno( clhji cf^Vo J  y  
yfcc6©x dn.X +  CoSSj ft/  k'©not cn|5 S iX ck ib
~fC.oS.02 f t /  Nctno/dn/S Sk Vq cn!fo
The terms o f the above expression which can be written as 
polynomials o f the type p(<u)fi)) or
are as follows
• - £  ( X V  [  C o S 3 S h X ,  o a f o  d a L  s £ j > 6 4 )
2 \ o J Q
4 - CoS U c  C c?s0j <5j/)To d a /
- 4  eoSQ, CoS^c J/ SlA3fo 0 X 0
5
ip-
— / ,  r . c © 3.  r o s ' © ^  f  C n r X  c l f t V i  6 ' / p
—  C o s t  0 c, 3  k  o / X  S a 5r s c k t  c t p i f t y S D
w 3 "  .
4 / c c s 't ©3 C o s f i z M  S A &  X  &  X p p p
—  c o s t L .  C © X V  c t / f o  d n 3  t  y p ( d ) f b )
-C o S .  © a  C e f O z  S a f o  c & p f a f o  .
4 - 1  C O S 3 © z  i k  X X o  © a t  d a 1 ' /
5
— oL C o s t * * .  C o S 0 ® _ k k  S a t  d r v X o  O n v i f 0 J ip  f o / t )
° 5
■ + $ _  & & & X  c o s v S ® j  £ _  S a X b  c a t .  d f i t
5
4 - 9  7  C o S V © x  C O S 02.  , k _  S a t  o a t  d r t l f o  a k
5 p
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4 -  2 . 7  cos' 0 ^  C o S © z. f t  s d  orvY d lY  f t p  (o t, f t  
— 2  c o s  f t  C o l © 7_ k ~  S n f e  O n Y  c f f t  f t p  E f t )
4 - 2  c o s 0 3L c o s ' O z  k  s d Y .  o n f c  c lr v Y  s E p  E f t
and hence the inner in tegra l o f (6 .4.19), employing 
equation (6 .4.18), is
i ift/lk 
—I. k f t  2  h  (-< ) f  3 1 1  c o s f t ,  M Y  onY e l d
4-3UccS1ft MY on-VodrvY, 4-3 OoSv02 MY cnYclft 
— C osY ft k. oyvVo A d  —  c & A & l  Y  c f d  1
" ' f t b f t  | - 3  c d  f t  r E m Y  tn k  cjftfe —  .
3cosT0v k ftY  Ski; dnYo -geos1-©,. k f t d  cUY
•CosMz k  X Yo cln-fe -Y  CoSxq t f t  SkY cln h> 1
A
k  J  ( - i f  3 1  c d 1 6 x k 'X .V  c c lo  c l n d4-
43a k- CoS 03, 9rvY> OnYi d/7ivY 4-3c k CoS©^  X lY  OvuTocIvTY
— i  C o S x f t  k  A  I n 'c  c d  —  E c e s x 0 , c k ; S d  c d l
(6 . 4 . 20)
To find the total integral (6.4.19) we note that the outward
drawn normal nQ is  given by
alnfc
M.
-V-k J  b ' dvif o c \ n f  ^  V %  -Sh'-fe) (A y u -  S/D)
Thus evaluation o f —Q \ U.j’(©<>') f\o c\S
3  J
,  : tL
followed by taking the dot product with expression (6.4.20) 
leads to the equation
~ jL  (  (©>') Yp » \ % R )  (.U- U t) C-Uc. r  A  dS i S c
3 J  )  -z x
~  JL f b r  \  5 i ctlVo cia f  3  SJ+oo °X> ctviU0
I s / .  L
co/© « oaVo diaK — cg/ G  c / n ld iX  1
V  ~"F" J
-  B y  TavVd frnlo f  — ' S i X  i X  -+ C c £ %  S f t X  A r X
—  C o S 7 - © ,  /  % / - „  d U t e ,  7
H J
Z  j  .  j
" t '^ 3  ^ %l\V9 O lVo) Sixta (MxSs; aK^D —-ICJDS^ Ct, SufconS^
2.
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■I c o Z  0^ j z  ckYoc^Vo ^
;
6 AC,
M
15
■b'inee. e .c s ftc X  e c s f t  4-eeY0>_ -  I f t
B| (owYcIhYd) ( A k  M Yo — k l© J f t
r  .
—- c c s ' 6 ? ' )  — B z  ( v > X c t ) f < i )  ( i l l d Y o  — k  c d C Y  -+• k  c o s 2-© !
y  . . .  ■ \
+  M y  &KY0f  ( 3  A n d  -  cqs^©, -  k  c o s y g / J  ,
. (6.4.21)
Thus the only part o f expression (6.4.17) which remains to 
he evaluated is
1 u i ( v V ) y \ o  .  i  u  C t )  (  u t G r « )  J R  A S C A s  e l l
~  J -  )'  ^
.  X  z  X
which we write as
u,Cft \% ._J_ \  A sd  U ,c f  M A I-_ L
W .  J  ■ R  k i n )
o n  Y d
(6 . 4 . 2 2 )
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where the operator V .  does not apply to u1 or X,
W o  '
and thus B^, Bg, B  ^ fi o^m the form of u^  are treated as 
constants.
We begin the evaluation of the innermost in tegra l by 
,2w riting (u  ^ x R ) in  terms o f lame polynomials as follows
, Uj x (sVV4 W"Vt>) -v $  jT  k ' Onct thv >^ -J T
X 5>Ep(o2oj^) Hr Ex Jz^(oJ0}[5y Or 153( a£ jo^0jyS0)J
3,E Jl snR Sn.^ > skVSkta  ^ J .^ -V S| uE^
J  1E ^ j o ( 7 o ^ Y ^
— ^  CMdcn\&-0\pfcc*\)r* B ^ ./3>E^V2' -4
V f r r F *  /  I  3  fe1-
p(odoj^2q) H- Cr
H*9£ cLno( dnif ciniTo B^ | ^  f l - H  -~f-
VAEj, j? ^ o )  H- c|  ^ U.EJ (
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*2. ^  Orc/CnjS
7-
B, (31
^Tl
^sc Sc^ 2.^ (pLj(5o)
0 - 6
2. \ r~e
'3 |-^AL x ) VlCc[ cX^zpi/^/^
0 ^ .6  dr. ^  <Jr jS d r A  Jr^fe B-t ( 313^ ^  s d ^ p  fo/o o^d)_
- v B . / ’X j X d  A
8 v k '
-V-k f k V / s k ■+
- 1  k  6\ ( 3 M Y  ( i - j X )  s,)Wo a / S t  x
• V^ W / V” ■s x  /  L  5
u
-V*
f . , J/' r  
^ W u II
W X r x f  p i t )  c n * « 6 —f* U
—p 11
H-0}
5 S 3 p x p
i i u
a  I . “ J
' l E  m fj -fiM 
J
»<
PA
" / q  p/XX
-J
where nsc> ns&’ ncd are de^ ned add- calculated in
the Appendix. *
* v
Thus we require the in tegra l o f the above expression 
m ultiplied by A S . ; •
; r T m m  .
3 0 1
Using the expansion o f 1 as lame polynomial products, we- 
have fo r  th is in tegra l
\
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4 -  f t  ^  A , *  s A l  p  Cd , f t
~2kl P k 7 Oho! Pn/S OixVon.^ - B
)/ •_ sc
He. ASc { Z;o SC^^P^);
c4
Vrrje'7
f t  f t f  U c W  4 f t  c U V c l i v Y  [  B ,  f t f t H  f t A f t$A ' 1 Z)o zA PlftP
f t  ( b  J 1  ricd, A
I D f t  J
CA
1)0 C  c1I f t .  p  G i f t
+ M '  k  f t  ( f t )  A b „ s E p  ( e f t )  4 -  polynomial f t e s  SE 3 f t f t . )
B E
v f t  6 , r i f t  f t ,1, .  s E-f h f i H- ii II U
- W f t
f t  b :
l ( f t i )  A t  f t  
5 f t
jj-ft) A-b0 ftpGft
p(cft)
“ft «c
4 ‘ J 2 V  6 , I ' M  i f t  j E p ^ ) 4 - U
.  I F
"  a f t
a
A
B ( l - f t  F f t  f t p  ( f t )  a  
5
11
" a f t ’p f t p
(6.4.23)
M ultiplying expression (6.4.23) by — CC) /  and in tegrating
/ KJ(c) .
with respect to d  and ^3 we obtain the vector expression
PC
r k / V / V - i s h X o )  A b 0
3 /  a 1)C j T k  r  fe4  v  b r  f k - 0  u  %c,  4 s j . c j . 1
$ T T  1  L  k t  X 4  J
•+
S'lt 0 - fc  ) -ft %\di ft  Sx clz
• f  q f
• I k f  s t \ ) r ^ 5 r c.
&rr v_
%  A 0, o  --‘ - V B a ,
u ‘
K
2-U
- 2  J k J T  J L ' c ^ V o - V p  f  3 k )  n *  A t j 0
V 'T7T
f t  2 / 0 '  cUV Ante / 3 j k  V  A u  A z . y
;
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E  kxY  f t
C
+ m f  i
CoS0ij .
- A  A l W r W s p .  (k > < T  -+ < ;<
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We now require the derivatives with respect to JT and Y0 .
o f the above expression, remembering that , B  ^ and are
treated as constants, but the coe ffic ien ts  A53, _ are functionsf . m,n
o f and ^  as given in  Appendix H.
Thus we have
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(-6.4.24)
To complete the evaluation o f the tr ip le  in tegra l (6.4.22) 
we require the scalar product o f expression ( 6 . 4 . 24) with
2 4  rr
(A, (v"o) \lo c llo
which leads to the resu lt
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(6.4.25)
The follow ing expressions required in  (6.4.25) are calculated 
from the various formulae given in the Appendix
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By substituting these expressions and using tne forms 
o f \A^  n given in  the Appendix, expression (6.4.25) becomes
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Thus the second term o f the scattering cross section .for a 
general e llip so id  is  given by
k‘
ItTT
X the sum o f expressions (6 .4 .6 ), (6 .4 .8 ), (6.4.16)
(6.4.21) and (6 .4.26).
In order to check th is complicated resu lt we shall now 
examine the particu lar cases o f the circu lar disc and the 
sphere.
(a ) The circu lar d isc . ‘
Bor the case o f a disc, we have the condition S~0 = K + iK r
and hence dnyo = 0. This leads to considerable 
sim plification  o f the above expressions; (6 .4 .6 ) and (6.4.16) 
vanishing completely. Thus we obtain the fo llow ing expression,
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where we have used
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from equation (6 .3 .8 ), and substituted fo r  the integrals 
I gd, I cd, and I 2 ffoin the Appendix.
Further manipulation o f (6 .4.27), making use o f the fo llow ing 
formulae ' • '
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leads to the expression
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2
Using these conditions and substituting fo r  . we have
For the circular disc we have K = E -= 9 ^  E — i *
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(6.4.28)
which agrees with the second term o f the scattering cross 
section obtained by Williams (jo], .
(b ) The sphere. .
In th is case we put jfl = u + iK7 and le t  u >  0. 
Expressions (6 .4 .6 ), (6 .4 .8 ), (6.4.16) and (6.4.21) respectively  
reduce to
- k k -  y ) .
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The remaining expression required, (6.4.26), is  somewhat more 
complicated. We begin by finding the behaviour o f the in tegrals 
w  I sdf I cdf ' I 1 and I 2 near u = 0. .
Yo
e.g . I g0 = \ o|z______ , and putting
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Sim ilarly we have
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Making use o f these results in  (6.4.26) and le t t in g  u -» 0 
we obtain a fte r  some manipulation ■
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2 2 2 2 We therefore require the forms o f (s^ + s2 ),  (e^ +• e f t )
2 2and (d^ + d2 ) .  From the Appendix we have
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Hence (6.4.30) becomes
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Addition o f expressions (6.4.29) and (6.4*31) then gives the 
second term of the scattering cross section o f a sphere o f
radius R u . as
i s
i(?ir
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and substituting the follow ing forms o f 3^
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(6.4.32)
Referring to reference Q l, p.376H , the scattering cross 
section is  defined as
c r  - ' 4 3 1 .  V  (£n +1 ) 1 f t  I ^  f t  A
where aQ, a(j are given there fo r  a sphere o f radius f a > 
Thus we can calculate that the second term is  given by
— k  a 2 II rr
15 )
showing exact, agreement with (6.4.32).
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A P P E N D I C E S
APPENDIX A
The computer program described here is  based on a 
paper by Fox and Goodwin [1] fo r  the numerical solution of 
non-singular Fredholm in tegra l equations o f the second
kind; i . e .  equations o f the general orm .
/  . .• . - • * . .
b
f ( x )  =s g (x ) + J f ( y )  k (x ,y )dy  , (A l)
a
where g and k are known functions and f  is  to be determined. 
By applying the trapezoidal rule fo r  approximate integration 
the equation is  reduced to a set o f n simultaneous lin ear 
equations represented by
f(a+rh ) e g(a+rh) + ~  {  k (a+ rh ,a )f(a ) + k(a+rh.,b)f (b ) )  
n-1
+ h E k(a+rh,a+sh)f(a+sh) + A 
s==l ^
(r  »  0 , 1 , • ,n - l) , (A2)
where h t= (b -a )/ (n~ l) and Ar  is  the d ifference correction. 
Various f in it e  d ifference formulae are availab le, but here 
we employ the Gregory formula which, as explained in [1 ], 
has the advantage o f only involving p ivota l points of the 
function, f ,  inside the in terva l [a ,b ]. (In  fa c t th is  is  
an essential feature o f the integration formula as fa r  as 
the solution of equation (2.2.26) is  concerned, since th is  
equation is  only defined within the range o f integra'cion,) 
The Gregory formula is  as follows,
X k (a+rh ,b )f(b )
+ 7 i * l  _ i » 2  j . JL2 L»3  *  _ 862_a5 ' A „
\12“ 24“ *720“ 160“ *60840“ " / ~
X k (a+ rh ,a )f(a ) , (A3 )
with the usual backward and forward d ifference notation.. . 
Equation (A2) may be expressed in  matrix form as
A f  = g  + A , (A4)
where f , g and A are column vectors and A is  the square 
matrix
l - ~ k (a ,a )  -hkCa^a+h) . * • « -^ k (a ,b )
~|k(a+h,a) 1 -  hk(a+h,a+h) ~~k(a+h,b)
|k(b,a) . . . .  . . . . .  . l - | k (b ,b )
The ite ra t iv e  method o f Fox and Goodwin fo r  the solution 
o f equation (A4) involves finding a f i r s t  approximation to £ 
by neglecting the corrections Ar * A ll  the Ar  can then be
found by d ifferencing the quantities k (a * rh ,a )f (a ), 
k (a+rh ,b )f (b ) etc. using the f  just calculated. These are 
then used in. (A4) which is  solved again to obtain a better 
approximation to f . This process is  continued u n til the 
solution converges.
The follow ing subroutine, (FI2S$L), has been written in 
I.G .Ii. 1900 Fortran to carry out the above operations fo r  a 
general complex kernal, k. In order to solve the matrix 
equation (A4-) in  which A is  complex, a subprogram,
(F4CXACSL), from the I.C.L# Subroutine Library [23 was 
employed#
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•FT SUBROUTINE PI2$0L<A,B,KF.r NEL,FREET#N#NA, IX #J4,K ,FSR,FSI ,Fr ,FI ,
• 1GR#GI # AR* Al #AARrAAl‘# BBR# BBI #REINT#PAR#M# ISYM# IQUT# IT# ACC)
. COMPLEX K<IIf!I>#t»(4)fDEL
DIMENSION PAR(M) #AR(JJ) f Al<JJ>#AAR<JJ>#AAI<JJ>#FR<n>#FI<II> 
DIMENSION flR(n>,6l(n)rBBR<lX)*BBI<Il>#RBINT<n)-#FSR<.M)#FS!<l.I> 
H» ( Dw A) / F LO AT (N«1) 
v GOTO<60,70#80#90>,ISYM 7 7 7 3 7 7 V  .ft . .
60 U®A«H ..... ................. ....r. .
UNsy m m e t r  I c  ,   '  ... . ; •    . .,
D0611«1 t N  _ 7
•7 VsA»H Va // /; /.ft®R3/VD7777V/.7-•3(77 7 -ft717V-3/ft'72 7  •'■
Usu+h • ................... ...........
7.' D061 j«i ,n ' V.77/77;/7:7V y / y n / r : /  7 3 7 7 7 /  ' ■■■ ■ 7;;/7/:y v '• v 
V*V + H
"7 CALL KfiRNEl<U#.V#PAR.M,X#Y> 7 '  .. 7 " ft ■ ■
K<J#J>f X+<0.0,1#0)*Y
61 CONTINUE --'7,7 /•:.//'
GDT0100 . .........  .....
70 U«A 7
EVEN FUNCTION OF <XwY>
.CAU KERNEUA,A#PAR,M,X,Y> 
K (1 #1)*X+<0t0#1,0)*Y 
DQ72!»2 # N 
KU,I>«K<1i1>
Ur U+H
CALL KERNEL<U/AfPAR#M#XfY>
K(1,1>»X*<0.0#1,0)*Y
M1®I+1
DO?1J »M1,N
M2*4*I+1
K(J #M2)*K(X #1)-
71 K'(M2«J)>>K(If1) 
K<1»!)p K(I#1>
72 CONTINUE 
GOTO1O0
80 U«A«H
s y m m e t r i c
M 2 * N * 1 
D0811®1# M2 
Ub U+H 
V®U
CALL KERNEl(U,U,PAR,M#X#Y) 
TUI ,!>*X+<Q.0,1,0>*Y 
M1«?! +1 
DOS 1J«M1,N 
V b V ^  H
C A U  KERNEL<U/V#PAR*M,XiY> 
K<I#J>«X+<0'.0#1,0)*Y
81 K<4,I)«K<I ,J)
CALL KERNEKB# B-#PAR#M,X#Y> 
K<N#nY»X+(Q.0#1 .0)*Y 
GOTO100 
90 U«A«H
3 3 3
-J
- . • a - . - " — r .  *  z-
C J l V  r ' S K E W  S Y M M E T R I C -  •'  ” •■■ :-5' l is p  : '  A A A  H i  ~ '■'.
C
, , , , ,v fe f t  M 2 » N « 1 .......... ■-^Hfv.v D *1 — r
I 0091 I 51# M2
UsU+H ^
VsU
K < i , p c ( o . o , o . o )  ' ; : ; • ; u
M1.fi 1 + 1
o o 9 1 j  ? mi  ,  n v v ' d v j - h ^
VsV + H
Y?:y CALL K E R N E L (U # V , p A R , M , X , Y ) VA' -. VftV-VYYftUK' VDft ‘ • WrW^m.
K(J,J>bX+<0.0,1,0)*Y 
r  9 1  K < J , l ) s - K < I , J )  ■- "■: J A A V A V A V F f  D A > V V V J » “ / A p : 7 D ®
K < N , N > * < 0 « 0 , 0 . 0 )
i p o  k k * * n . . ; ,  v ;: ; w v
U» A«H
a: doi i*1,n ‘ y r v ^ : :  ■ :-w -
FSR<I)s 0.0
; ' F S I  C D e O J O  • ■•--;-•- -•■ ••••;•.......: ; i
K K * K K * N  
U&U + H
CALL FREET<U#pAR,M*GR< J > i « I < I > >
" : 001Ja1,N
L s K K + J
ARCL)«*iH*REAL<K<Jf I>>
1 A I < L ) 8 * H * A I M A G < K < J , I > )
JPNAnN • . • “
0 0 2 1 = 1  , N
 A R U ) ? * A R < I > / 2 , 0
A I ( I ) ? A 1  < I ) / 2 , 0 
L P I 4* I .-■•■■• —
A R < L ) ' * A R < L ) / 2 i B 0 
A I  < L ) “ A I  ( P / 2 , 0  
l  = N *  ( I m 1 ) * !
2 AR<L)*1 .0*ARCi . )
F O X  *  G O O D W I N  A L G O R I T H M
I T E R = 0
IN»1 '• ..• ‘ " " " ......  ■ ' ' ' ■"'■ ■       "
I CALL F4CXAC$L<AR,Al'GR,GI,NfNA,N,IN,FR#FI,DR,DIfID,IT,AAR,AAI, 
1BBR,BBI,REINT)
I F ( I T ) 9 ,9 * 4 
i IN.*2
XF<IOUT,EQ,1>WRITE<2i200>ITER 
AMAXOaO.O 
DOS 1=1tN
FSR<!)*FSR<t)+FR<l)
f s i <i ) « f s i ( i ) + f ; ( i )
AMAX1aSQRT(FR<I)*FR(I) + FI<I)*FI<I))/SQRT<FSR(I),*FSR<I)*F-SI<I>*FSH 
1I>)
I.F<AMAX1 ,GT. AMAXO)AMAX0aAMAX1 
IF(IOUT.EO.1)WRITE(2#201)F8R<I>#F8HX) 
i CONTINUE 
1TER=ITER*1
1F <AMAX0.LE,ACC)RETURN 
1F<!TER.GT-.100)GOT010
008 Is TiN 
006J *1 ,4
• O<d)eKO,J)*<FR<J) + <G.0,1 ,0)*FI<.)>)
334
c   G r e g o r y  f o r m u l a . / L / Z Z z  Z :Z . " Z . . . . Z  Z T ~ - Z Z Z ~ ~ . T r  “ 7 Z ~ "
DEI, «<D<2)«D<1>>/l2.0«-<&<3)«»2t 0*D<2)*D<1>>/24,0 + 19 i 0*<D<4>*3t 0
i*D(2>*S. ,0*D<3)nD<1>>/720.0 J * • v ", .sCr.sTi- * i  '-irFHrsh... z : ; x..S:  7; *, * ; '• ’
D 0 7 J ? 1 i 4
•- Lf?N»4 + J • • “ ...
7 D'<J ) ?K<I#L>*<FR<L)  + ( 0 . 0 f 1 ,0 ) * P I < L > >•r^ 'r-rv-TT
■Vr .6BI.-.WI «<D<A>-»0(J)>/l2,0.(D(4>*2.0*D<S> + D(2>>/24,0»19.,0*<P<'A)
1+3,0*D(2)b3,0*B<3)»D<1))/720.0
W v  - GR < I) «H*REAL(DEL) ....... ; v z d / : , / F : v v S ; .
a gm 'i >»h*aimag( dei>
L 9 RETURN
i m A t t  10 • WRITE<2#202-> I 
return*
200 FORMAT<//17HOITERATION NUMBER?14//) . I T  r
201 F0RMAT<2<3X?e H. 8 > >
. 202 FORMAT(41H1 CONVERGENCE FAILURE AFTER 100 ITERATIONS)
END
E N D  OF  S E G M E N T # L E N G T H  1 4 7 1 #  N A ME  F I 2 S 0 L
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The variables used above are defined as fo llow s: 
A,B,ACC are rea l variab les,
N,NA,M,ISyM,l^UT,IT,lI,JJ are integer variables,
FSB, FSI,FR, F I , GR, G-I, AR, A I , AAR, AAI, BBR, BBI, REINT 
and PAR. are rea l one dimensional arrays and 
K is  a two dimensional complex array*
The follow ing variables are set according to the equation
being solved as: .
A a a •. '
B a b
N 83 n
NA £S 2 ,n
: I I 88 maximum value o f n
JJ " a
p
maximum value o f n
ism a 1 i f  the kernal is  unsymmetric
a 2 i f  the kernal is  an even function
St 3 i f  the kernal is  symmetric
a 4 i f  the kernal is  skew-symmetric
ACC a required accuracy o f the solution.
The names KERNEL and FREET represent the subroutines required 
fo r  the calculation o f k (x ,y ) and g (x ) respectively . The 
elements of the array PAR(l) ( I  = 1,2, • .. ,M) are set in  the 
main ca llin g  program to the values o f any parameters 
appearing in the equation to be solved.
Tb'* rea l and imaginary parts o f f  (x ) at the !n* p ivota l 
points in  the in terva l [a ,b ] are thus obtained to the 
accuracy specified .
I
With regard to the solution of equation (2 .2 .26 ), the 
speed of convergence o f bhe solution, u, depends on the 
parameters, a and (3. For f a i r ly  large {3 (greater than 0.5) 
and small a  (le ss  than 5*0), only two or thr^e iterations 
were required, whereas, at the other end of the oc,(3 ranges, 
up to eight itera tion s  vjere' carried out to obtain convergence 
to within seven decimal places*
For values o f a greater than 10, convergence is  not 
obtained as the matrix A becomes ill~condit5.oned; th is is  
due to more rapid osc illa tion s  o f the function, TJ, with 
increasing a, which causes fa ilu re  o f the f in i t e  d ifference 
procedure. Hence the necessity fo r  a separate high 
frequency solution described in Chapter 3*
Numerical evaluation o f the in tegrals in equations 
(2*3*2) and (2*3*5) is  possible now that U is  known at ‘n 1 
points along the range o f integration* For small b a ff le  
ra d ii,  an I*C.L* integration routine, (FINTGRT), produces 
re lia b le  resu lts, but d i f f ic u lt ie s  are encountered fo r  
larger b a ffle  sizes as U becomes mor/ osc illa to ry . To 
overcome th is  i t  is  necessary to use the Gregory integration 
formula given above, (A3), including terms up to  f i f t h  
d ifferences.
REFERENCES
Fox, 1. and Goodwin, E .T ., Philos. Trans. Roy. Soc* 
245 (1953)•
I.O .X. 1900 Series; S c ien tific  Subroutines (1968).
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• APPENDIX B '
The follow ing in tegra ls required in section 3*3 have 
been calculated by Jones [8] and the resu lts are stated 
below.
j *  * ! " !  4 ^  •o (x - z )s ( t - z ) s
(B l)
,x c o s o f s ^ l i ^  _ TCi sgn(x_t )  5 (B2)
t  ( t - z ) 8 (x - z )s
4-4 4
r cos x (x -z ) I  sin a (t - z )  - - = f sin ay . (B, )
Jo ( 7 z 7  ( t - z ) *  t L xi  y  y
i*0  ^  ■ C w + v f r ^ j j =  “  [ ( k )  -  ( b )  ]  ’
v  > 0, t  > 0 , (B4)
J0 (jktf 'CEJvKW-fj = v+w [ ( i t ?  ~ (/=rf H'Cw-i>J
v  > 0, w > 0 , (B3)
3  G -W H v-t) = ~ %2 ( l= w )  6(v" w) “ i= v  (v 5 r )  H(v_1) ’
v  > 0, 0 < w < 1 . (B6)
The solution o f equation (3.3*10) is  now considered,
l-* f,(w ) e“ ia(w“v ) 
i . e .  G(v) = f — -----—   dw .
\
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The general solution o f an equation e f th is form is  given 
by Mfkhlin [93 as •
rf r,T>r“ i(XW 1 / w \4 ft/ l«v \ 4 G (v )e"ioa7Z c^ (w)e „  _ „  ^  1 0 — ;  - S = 5 — •
: . (B7)
To find  the constant c fo r  the present case, we apply the 
edge condition, jz^ (l) = 0. This shows that i f  we choose 
c to sa tis fy
c  »  -  r  ^  d v  ,
n  o  v ^ ( l “ v )
then (B7) becomes
(The reference numbers quoted above re fe r  to the l i s t  given 
at the end of Chapter 3*)
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■ -APPENDIX 0
We require an expansion o f the second in tegra l o f 
equation (3•3*4*2). By use o f the asymptotic form of 
we see that the inner part o f th is  term is  given by
f"  Y (t )e ~iCrt (XfJ (ccB)i ~2ia+V  J  e- 2 « t dt
(C l)
We now employ the fo llow ing formula proved by Jones [8 ],
00 4- P A“ 0Ct . r «o _~i*V3Cf  dt = r(e+l)i e f  --gr r  for 0 > -1 , V > 0 .O a XP
(C2)
Thus (01) becomes
«  / o (t )e  t  ~2ia+^r- y 2 i « ( l - v )
f t  H r -  ( H r )  4*  ~ c e 2 l < L  v )  x
x f  r r ( i ) f r g Z g l  (os)
2a
A fter  changing the orders o f integration, we have fo r  the 
to ta l in tegral required
1 i i  • 00 / o (t ) e“ ioc^  / . \ i
J* J0(otv s n^ v® (l-v ) ® elocv dv J ---------  ^t^Ty ^  ’
~ J^(ap) e7li//A' J .e- y  . ■ f r ( | )  + la x  J JQ(av sin 0 )v ‘2‘( l - v )^
2a x
X ei v 'x“ a^dv . (C4)
3. «° CO
j1 d? e J dv -  J dv , and the asymptotic expansion of the 
o o 1
Bessel function iised in the second part, to give the 
expression .
The integral with respect to v can he split up as
//I. TT OO ». _
Z l _  j "  J e-v (x -a + a sm 0 cosu ] v ^ ( l - i v )4 dv 
^  0 0
-  r°° e“ v (x - a )v i  j 0ia  sin e-TCi/4 #
(2rca sin 0 )¥ o b
~av sin 0e
4  . (l+ iv )""1). _ia  sin. 0+rtiA „av sin 6 4  (l+ iv )""1/ ]
J  'S’ia'siii'e/ 3 *® \ 1 “ 8ra 'sETe7j '
where the in tegra l representation
J0( 2) = |  J* eioczcosudu
has been introduced in the f i r s t  term. 
This expression is  asymptotic to
e3 i i i A  * r - ________ r (g/ 2) _______  . . i ,r.( ,5 /2 )_____ ?
>l * L (x-ot+oc sin 0 cos n )  2 (x -cx -k x  sin 0 cos u)..o
 ^ei(x-a)~7ii/4 p 0ia  sin 0-7iiA  p(3/2) / 1 \
3/2 y  + 8ia sin 0 J( 2xa sin 0 ) 2 L  (x~a+a sin 0 )
,  e""iasi3ie+7i;iA r(3/2) /, 1 \
(xZaZa sin 0 ) 3/2  ^ 8 ia  sin 0/
i  TC5/2) e^a s n^------------------------ *—* -ryg'
( 8 ia  sin 0 ) (x-a+a sin 0 ) ^
3 4 2
i  r(5/2) ,
8 ia  sin 0 (x-a-a sin 0 )
5 7 2  + 0 ( a /  )J  ,' since x a
Substitution o f th is  into (C4) gives 
r1  Jo(av sin 0 ) A x - , ) *  eiOTdv 7  ( & ) * «
J o  0
2a - . ■ c
T(3/2) du
(x-a+a sin 0 cos u)37?
i  T(5/2) du—   * 1 ......... g /p
2 (x-a+a sin 0 cos u )7/ -
, - i  r r t l )  . a s g a . 1
2a(2na sin 0 )12 x^ (  J
ia  sin 0-7ui/4
d a
-  (x-a+ sin 0 ) 372
r (| 0 i  + 8 ia  sin 0) - ia  sin 0+Tci/4(x-a-a sin 0) ^ / 1 \ 372 ^5/2) ^1 -  3 ia gin ey ax
(05)
In order to evaluate the above integrals we require
the fo llow ing formulae, which can be obtained by making the
2substitution x - p tan 0 ,
J.  ■ t[l -(*)*] •
L  " ?  C '2 * (* )*  * ( 7 s ]  • (06)
i
\
Hence the right hand side of (05) becomes
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Va Jn (ap) n 
27tai §o
_ r t i )  r(3/2) ,e-5iix 0(a-3 ) 
2*a (1+sin 0 cosuH 7
du
i e - 1KVa Ji(aB) r- r a )  r (V 2 ) ia  sin 6_ / 1 '
a2(2W 3 in e )s  L u=SSe7 (  S la s in e )
( 1 ~ (l+ s in " 0')^ ]
i
• • a iti
, i  ^ (3 / 2 )8  4 | ■ g . f . ’ .g___ ,)l  + fl+siE_e)l l
2a(l-sin 0) *- '  6/ V 2 / J
•ia sin 0 111■— i 5111o+-jr- „ • i  ■ 1 _+ -1. —.—_—— f - 2 + (r"s?5‘ ed + - i r — ) ]
2a(l+sin 0)2 k \ 0/ \ 2 / J
+ 0(cx” ^) J  *
The follow ing in tegra l is  required in  section 3 . 3 , 
equation ( 3 . 3 .47),
00 J .(aw sin0 ) ,
f  — —    j  (aw)w dw = -  Y (ax) J (coc sin 6) •
*o w *“X v 2 v 0
The proof of th is , which is  given below, is  analogous to 
that o f a sim ilar in tegral proved by Jones [8 ].
Consider the in tegral
(07)
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zv+ 1 Ha ) (a z )
J ------- 2 2------ JQ(az sin 0 ) dz , -
(z  - X ” )D
where D is  a contour along the complete rea l axis except
fo r  indentations above z = 0, doc. For the range
■ ( * 1 )  g i c x z
—1 % Re(v) ^ 5/2 , and since —, the contour can be
z
deformed to in f in ity  in  the pos itive  imaginary part o f the . 
complex plane to give
zv+ 1 H / t a z )  
f ------- o^-o------- y(ocz s in 0 ) dz = 0 •
i  (z 2-x2) °
Therefore, from the contributions from the simple poles at 
doc, we obtain
~ wv+ 1 H^^Caw) . r  f l )
J —   p- ■ -x  J (aw s in 0 )dw = y . x  J (a x s in © ) '(ooc)
—oo (w —x ) • * - L_
-  e(v +1 )Tti H(X )(oace,ti) ]  .
Since H / ta x e 71'7) + e-v7ti h /  ^  ( 02c) -  2e-VItA J^Cooc) , we have 
®° n J (.0Cw)
J wv —y — 3— J ( aw sin 0 ) dw = -  rcxv Y (a x )  J (ax sin 0 )
- 0° (w -X ) V ,
fo r  x > 0 , - 1  < Re(v) < 5 /2  *
The particu lar forms of th is  resu lt required in ■the main 
tex t are
00 3 (aw) _
P yj j  (aw sin 0) dw = -  3 -Y (coc) J (ax sin 0) (C8 )t  c cV 0 c. O Oo (w-*x ;
\
We now turn to the evaluation o f the second in tegra l 
fo r  A-, „ ( e )  given in equation (3*3*78). We begin byJL )lJL
replacing the in tegra l with respect to w by
1 co «o
f dw a f dw -  J dw t to g ive
o
OO . . Tt ep ,r . atett , u , r . ft f WWSi
\ M L e  U u  e  ^
Jc t-o 1'* Lk ) ) [ " - «
t^ S(a^6>SU . i, WW
w  *■ C l - w ) 1  e  d w
1
r t^u/Sik(3 ~TiC/q-
(ZtT cCSlkfi)
!
//, V 2. f WSlk© —nl q-/ \
„  ( ( V j D  J e  f i +  1 ,
l 1  J  w '— fcr 1 V  ?luSik0/
—'id  WSlV® q/R/q-.. n toLW
+  e  fi -  i M  e  du/
I  ^LetS^©/\Z lclsIk&J \
■ ' ■ . 3  I r  Lett (.1+Sinflusw)
i - l < t  \ e
f atocfc 1/ , ,
^  H n ( £ )  e  x  J b
I
TT
olG-V l^k© CC?SU)
e " 7 4  e / fc*  f  r  ( ? «  - < m y  1  ^
I
. [ j /  r  ^ C c f S i V e - m V ^ -  C tiU -\r.% i*.eb(Jb-Q  I  L t - i ) x
+  <  e  e  J e  T  e  \ e _  *
CXlVetsih.eV'1' L  j  x V i
j m o / i  )  -  t r t M  i  A t  +  < © • '• '^ - * * 4
, L  L $£(& SlK.®y 3^  SlH.®
reft 1 i x
^ C o l S t K © .
. tU C I-«<=© )tb-\) f  - t  (bS )X
v 6  Ac.
:  oca-siK^) . . . .  . .  .
(C l© )
On interchanging the orders o f integration above we find  
that an in tegral o f the form
L  - e“ 2 i a t  • e“ itx + ia ta + c) d i
is  required, where, in  the above three cases,
c = sin 0 cos u
sin 0 •
. -  sin 0
We w il l  f i r s t  evaluate th is in tegral fo r  the terms in the 
expansion of (equation 3*3*36)), which do not include 
the factor e^10^ 7. Thus we obtain the expression
|  ) *  e- i t ( x +a -a °)dt
-iti/2 00
[  -  ^ ( « ) .  o t o - h ]  «
ie - i ( X+a»ac) p/ i  V o ) A  r ( i )
i  S 2  ^ a )  - y z ~ )  s / 5 *
r (3/ 2) 
+ —
y i )
* J L — T T ~  +  V 1 ) i 1 1  . * 1 / 4  
-2* J e
On re-substituting the three values o f c, the expression
\
34*7
*1 / V  *| "
(010) becomes (apart from the e terms),
IT
r V l e ^ d w .
V ? )
i  6(+n-g^iK0 CoSli)
e
ef(.(45»«0C£6U)
ct»o. - 7 r j4)
*  f h -  sVMKM±lkM |ft
L  ( o c  4 - 4 - c t ' S i V ©  c o s u ) ) l/2- l a  4  < / -  4  s in ©  a > s  a
PO
TTl/a i d  A Co. i i k ©
4  e
-trC^iTotsik©')I/o
r t K )  A +  \ V 7 J B 5
~ 7 /l I  ?LotSik0.J a JX 8 - L d s k e y x ! -
T O f a V k i o - K W * * ]  +  ^ ' H i v z / k j o /m K o M  ^
( j C -^ o i - o L U h & y ^  (-Y  +  cl-c/.Sih & h  il x 4 <*- a lK 0 )
OO
3TTC74.
- f t j 6 ______________________________
tt© tto( siVeV^
olO-sin^)
r
Q A -  j _
x f  F1 Y ) { 0  H  h jQ  -  tvfc>)/§Y 4- 9 /x f  (?4-)[K k6) f t  -v- M  Iti]
*>. t^CftcHft c/Slk [ft)C4* ft 4' dSi\& „
d x  ■>
and employing formulae (06) we obtain
1 \ £
TT1
- 2u i r e o f
L  <  d
k n ( 0  - f t / p )  A * ]
(1+S tH ©  CoSU.)5/j-
. —-i r / ' / r f i r )  h / 0  s  +  P / X )  ^ f t / i ) / 4- +  k n  z o ]
2_c/ L\ + 6ik© CoSU~) x % / cY (T+ siw© Cos/)*54
k U ’ D r c v f t ^ K / o f  _ L  +  3  ] 1  . d i n
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TTl j^. Lot S ik &
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I t  a t r ^ S i V © ' )  *•
r f t / r / o l s- /
0(
$ [ i +  J  A /  i *  A  - ' ]  +  a , / i F D Q l ] v o 4 i h ^
I 8'WSik©/l ViHSik©) J oC^ -O-sik©)7-
A )  n:. /5A r* / *2  J - 2 .  - W  a  V  -4- (  I
(_ AKsfk©; I a. / j  j
3 +/©- -  c¥ Sik ©
i-e. e.
-TT (.9 TV el s ik e y '21-
N X )  r o D [ a ' H  K K ( » ) - k « / M
_ ( *  Cl-tVK0)
x $ f  i - _ i  a  /  ( _ % _  A  - i  1 +  a  4  r ^ f W ^ f t y ) ?
v  8-tetsik.©; i  ^ i-sih© i  j  {Xa- i\ - t  s K e y 2-
7 2 / , . i F  + N * > }
( O i l )
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H expansion which include . the factor e^100^  • n
3. i  i  z 00 (h (o )+0 (a  *^)}
i . e .  f J (aw sin 0) w2(l~w) A e dw f  ■.'.■! >±— -dt,
• Jo 0 h  8%a (w - t ) ( t - l P t
We must now evaluate this integral for those terms of the
From Jones [1] th is  is  equal to
■ ixi . .
J1 JQ(aw s in e ) e 10twv/h^oM w + higher order terms 
o
rci
m m  i  > i i m
~ 4 F -hn(o ) 1 1  J*du J°0eiaw (l+sin  9 cos u) v/dw 
•— o o
A
“ ('toline) J ]slon< cos(awsine-^ AJdw
e
k i
J E h  (o ) T e3lti//|' J  r (V 2 )d u
^ (0 ) L  «  {,  a372( l +sineoosu)5/2
* tJ-u f  sin 0-ui/4 e~ia  sirL 9+Tt^ /^ ") “
[_ a(l+sln 0) + a(I-sin 0 J J _ *
(C12)
Addition of (C l l )  and (C12) gives the to ta l expansion o f 
the in tegra l, which is  used to obtain equation (3*3*50)•
le
(2 7 ta s in e )H  “ ( 1+s in e )
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APPENDIX D
We-derive below the formula fo r  p^  given by equation 
(3*5*H). Consider an edge, given by the vector x ( s ), at 
each point o f which a cone o f d iffracted  rays is  produced 
with half-angle s , p( s) , and axes» x ( s) * Any po in t, y , on 
a cone then sa tis fie s
y - x ( s )
“ Ty^ocT~ * = cos p (s) , (D l)
and d iffe ren tia tin g  with respect to s gives the equation o f 
the envelope o f these cones, which is  a caustic o f 
d iffrac ted  rays. Thus we obtain
Cy~s> .. . r  _  x / V-, '
Tyz.gr • s +s • |_T5=fr+ (w f  = • ascos e ’ <D2)
which reduces to
(y~x) . |^x-x  ^ ( l o g e o s  p)~l = x2 -c o s2 p . (D3)
I f  the parameter s denotes arc length along the edge, we 
have the follow ing relations
• *o •* n
x = t  , x  = 1 and x = ~  ,
where the vectors t  and n are the unit tangent- and normal to
the edge respectively  and p is  the radius o f curvature of
the edge. Equation (D3) then becomes
\
J 3  O '
(y -x ) . [S " * iP d ‘^ ( lo g  cos p)3 «• p sin p ,
and (D l ) , is  written as
(y~x) . t  *» ly-xl cos P .
** — — »  —
The above two equations combine to give
- * p
(y -x ) • n + p ly-xl sin P . P a p sin P ,
and hence the distance ly-xl along a r a y  from the edge to 
the caustic ( i . e .  a radius o f curvature o f the wave-front), 
is  given by
Pi = ly-xi =   P ■P£Pm.iP— .—  , (D4)
~ ~ p sin p • p + cos 6
(g -x ) . n 
where cos 6 = — ■ i—  .
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A P P E N D I X  E
In this appendix we give a mthod fo r  the reduction 
o f the follow ing equation to a form suitable fo r  obtaining 
the solution, g, fo r  large k, by Jones1 in tegra l equation 
technique: -
I ! f ’  "  f t  +  J f  ~  f  i  ^  k r ' k ' t )
(E1)
OO
where t f t  ( f  , f 0  — \ f t  ( i f )  " f t  C A p O  A « / \
and m is  an integer.
This equation represents the ve lo c ity  poten tia l, g, fo r  the 
problem o f d iffra c tion  o f an arbitrary plane wave by an 
acoustically hard disc. Hence we also have the condition 
that
g( j> ) ^  (1 near the disc edge, ^ = 1,
( c . f .  Bouwkamp |^ 3j and Williams W ) .
A sim ilar reduction process has been carried out by Jones jjf] 
fo r  the equation corresponding to d iffra c tion  by an acouskically 
so ft disc, and also by Jones j f s j  fo r  the m «  0  case o f the 
ab ove e quati on.
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We begin by making use o f the Bessel function recurrence 
relations in  equation (E1) which, from Williams leads to
4 r)  = cl^
QOr
° f V I
A ,  [ f  0 M / O  T „ ,  [ » ' ( y . r j ' L . V  i x .
1 . 1 7 / T f c f t
+ i  ( T„, [fY4-Aftl AftX
)  1 !  ( t - V )
and carrying out the d iffe ren tia tion  with respect to 
we obtain -
An integration by parts now gives
35
- k ‘ ( y  C  3»n X c l A
' (E2)
r» *P4*rt, V» 11 A*P 4"Vv A <sy% A AV1<^  »1 4**1 AVI a*. (  *1 \  AC4/J- U ^ J , U.K?C? V/JL v l i o  C U g C  V yU U U .J. u l  V l l  f g  \  I /  — \ J »
We now proceed bo find a formula fo r  J J j J  k ^ J  
in  terms of 0 i L  (V +  k1") *' J  *
Using the. fo llow ing formula from Tranter 0 0 .
± f  f'31M
/ -  a z .  /  x
- l - l )  y) ,-n jz )
Z.
and putting z == f (V  ’■+ ku)  ^ , we find
r  t o - .
i a  r * '
J T f )
or, tf(X£mI (xv tr-
c - 0 m  7 L
[ f
1 ( X 7 k / M
f
J
VI
/ " • - v  k T /?-
(E3)
We also have the fo llow ing re la tion
VI C
f
( x v k O l , [ .  ( x v k A l  
f •
which, on substitution into (A3) gives
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yw-i r  / v  2- , \ 1
p  , , J  i f )  „  f i  Y  ( f X L p f t + M j''*A I"  " 3t) UA’+k’-)*If T(J T J J
= t - i r  X -  Ly ( A ' - + k 4 ]
m+l
(E4)
A sim ilar formula holds fo r  'JY  f t  ( f t - I T 1-]
We now use these formulae in equation (E2) and obtain 
m l ... .m-t\ I
)  j  f t '  x
oo
i ,  L f  [ w f ]  x ,  r / f A K - M i  r d i
k.
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Substituting* a form of Sonine's second f in ite  in tegra l fo r
x3A ax
(B5)
Following Jones'6 j  we substitute fo r  g by the re la tion
k i f )
and hence
m—I (w.) au.
f
m >/1 ^
m—i
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The f i r s t  teim o f the in tegra l with respect to 
is  then
jZ  in (E5)
h t
I
NT
f  {(i » r  z  i'
x- ( r
kv—t , 1 /m——)
V  K ( | 0 l  ( j ; V T
LU  f  „ {
v r  :
m-i
\r
1 An-5/J 
(|/ -\rv)  o' clj>'
(E6)
Since g( P') (1 -  j* )®  near the edge, p '=  1, then
at s 1.' • Thus the term in  the square brackets o f (E6) 
vanishes 'because o f the behaviour o f the Bessel function 
at j/ = v . Repetition o f th is integration by parts 
(m -  2) times results in  the expression
= 0
W\-\
k  f  1  j K l j O  3 - 1 ^ . C k  (p 'V v r ^ y  o' d p '
^  0 P 1 /  /  1  - t o f t  J
V
f 1 -
( r
u - t 'Or
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and equation (E5) becomes
f  m
m-t-l
V \ c \k !( y ) . ftp7
vr ?'
TT J .«|
( Cos k ( / / f t  cos kCpft-yft/ Fdvr
< /  ( X K k ( fM U  . v r *  < ¥  .  ( , ' )
J  ( r - ■ V 1
X
7 KC{'(V--X+]f I \ ( i V )  V4JX Jr'
J  ( f c ' - V ; ' 4
(E7)
Considering now. the second term in  the square" brackets 
o f (E7) and substituting fo r  g, we have
J l / x £  \CoS L ('- t ^  - V ’
TT
k /-v7 vr t dvr (c/lYi A.
J  i t j ' S f '
k %
Y  t j i f a v x r j  af ' i ^ q v )  r - d x
d ( jc 1- - X i m/i
0 : (E8)
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In tegrating by parts with respect to J? leads to the 
fo llow ing expression fo r  this in tegra l,
\ tn-l
(-0
vn
t-o>"
*  (k  - V }  d|v .
(E9)
The term in  the square brackets vanishes at the upper lim it , 
v f = 1, because o f the behaviour of K  , and fo r  the
1, i t  also vanishes at the lower lim it , ^  = 0.
f
case. m =
We must now consider the behaviour o f this term near = 0 
fo r  m 2.
We have that
.]
and the term with the largest power o f  ^
is  therefore
in the denominator
3 6 0
1  [ - >  A f t  < " 0 4  L , 1 tfc-Aft'-J ■
f t l r  7 ft"
and near j/ = 0 th is behaves lik e
\
m-l , 
o' ft ■= d k  .
0 3
a p'
,1m-4- * » a f ' )
—  O  a t  fV-zr O .
Hence the term in  the square brackets o f (E9) vanishes fo r  
a l l  and repeating the integration by parts (m -  1)
times results in
\ . mA_
 ^ K if)  J* Lf* OVA0/ ]  ( V  X) f  f
Thus expression (E8) becomes
t
f t  ,  _  , f t
f t^ ( 7  )  X ( Cos k  ( / - f t /  . v / 1 dft (  k ( f0 f fy  
•J I t 1' -  u 'B >7~ o
X
*  \ 
o
\
3 6 1
the-in tegral with res.peet to. A now being o f the form o f 
Soninels second f in ite  in tegra l, and we therefore have
I  «
i) k ' Ops
X f t 7
Substituting back into equation (£7) gives
f t  ! - ' f  Y U f  7 « '
V V o s  k ( ; S \ 4  'T '-J h r
4 7  ( k  [ f t )  4 f  S i n k  ( f -\ rh )  4/ x
J  f t '  I  ( f t - r ’ ' ) ' '"  J
^ ' ( cos k  ( f t - f V 1  \ r 7  l o "  
oJ [ f t - H 1' (E10)
which is  now o f the correct form fo r  reduction in  the usual 
way (Jones [VJ) to an in tegra l equation suitable fo r solution 
at high frequencies, and involving m arbitrary constants.
(The reference numbers quoted above re fe r  to the l i s t  given 
at the end of Chapter 5 .)
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A P P E N D I F
In order to obtain the coe ffic ien ts , and %  ,
required in  section (5 .1 ), we need the coe ffic ien ts  o f (1 — w) 
from expansions o f the functions H\ W  and g(w) about 
w a= 1. From equation (5.1.30) we have the fo llow ing expression 
fo r  K\ • f ■.
y  ; ' -W  ( W i d '1K,lw) -  - i c o  e  , • .
4 t r
O o
O f
d t
M }L r ' L A  1 4 , ( 0  d t re_TT I t — i j  (_tr —W/3
(P1)
and from Jones we know that
oo
< j ( w )  =  - a  +  1  [ \ - v y  e fcr _____
-tr—IJ [E wajJ
Az.
4 -A/w ) -  /  l-w ft e f tw
v w 7 u
<50 j
/ _ t i l  L M  < * 7  i l r  .
j i t - ! /  (. ir -w )
I (i-2)
4
MP
3 6 3
Considering the second term of the f i r s t  equation (F1) 
we see that .
I | , r v'V Voilv ( - { o i t t w t r  t o t -  , , /  . 
Ltm  a? I |_w\ e  I &  e  / t  \ d t
1
-/ to  r i -
I tF  V w / J (eto/V1 w-t Itoi
  Z-t Vi in — too
W - V  4-tt2
( ± 4
i
fc> ' f>
' i  -MW f  r  - to  W )  L~ j- V
i e  I e  t z
'i f t .  1.1-V't.
—toO+k1) L—4 ft ~ ( i+ A ? )* ’—4ft
— e  -V- eft
. ( u n - ( w r t
d k
( t - i t  ( t - w )
/ t o  o - w f  Z
4 V
oo
t o V t o / t o ' V ^
( P - to ) f/+
t o  o t o " - f t )
f e 1 i
*
0 - 0
%
, \U
i * i ^ 4 < k . w  — io/ f  I.
Z-trw ftto Y M v Y  e  €-  , ( .    ___
( I f t /V  J i t / t o  (w-t)jjwto 4 V  I w
< a  ( t o
<XP
4-rr
( U B
> 0
i i t + t V
I t o 1
cUb~
, -id.Oi X )  7
- +  < t o  & ■  , -
//, /4-rr ( k k t  z
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where Q;= cx f  I -f _J   ) and since
r  (  ( k k f y
c*?.
clir
1
- X „  
(1 -w )l( f i r j w - t j
The second term o f the above expression cancels with the 
f i r s t  term o f equation (F1) at w = 1.■ Thus the coe ffic ien t
X  i j
o f (1 - 'w )2 from the f i r s t  two terms o f K| is  given by
oo
"1
1  1 1  q .f e ± f e L .V  L
? ' L l '  I M P
Mr
An integration by parts and asymptotic evaluation o f the 
resu lting in tegra l leads to the expression:
•<CO
—Ad(l+k'i) L STH'/a.
■e- e
4 P  O f t ) 1'1
X
S/d -I-A  / . i -  '
1 H U  f t T
(E3)
To obtain the coe ffic ien t o f (1 ~ w)2 from the remaining 
terms o f equation (E1) we require: .
O
V\M>i
i \ Y X w
U v) e _  
v ft Tr
Oo
—x i X  )/,
B j f t  e -  / 1- f t
( b w)  0 7 /
d ir
\
L lvn
W -») (7 )
it '
TT
Hw(t-) F A 4 -  H k (i)  - e 2W
"+  V W O  G
( t - O t ( t - w )  
dir
Of?
( ( - D t e
tt
H.fH e f t V - H V O  e~"V dtr
F  - I )
" t  H / o  g  A  i
Thus the coe ffic ien t from these la s t two terns is  given by
00
d *  a . C F , J
r • v —ZlYtr , K A
•H /fcj e  A  A
J (fc~— 0 L J
oo
~ - ~ X d  \ J k „
TT J t t m F
—Zwr , % .
— £ .1  OC 0 -  R v ( f )  t
Z t
In order to evaluate the above expression, we make use o f the 
asymptotic form of Hn which was calculated in  Chapter 3, 
equation (3*3.36). A fter considerable calculation we obtain
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. - l U i m / a .  i ft
A e  o£
r V
4- kh (0  . -4- ft T  ft- 3ft' h„ CO
XcA X
- i "  O  /  I
f t
(F4-)
Substituting fo r  h from equation (5.1.31) and addingn
expression (F3) leads to the to ta l coe ffic ien t, ST, , o f 
(1 -  w)" ;^
— ( (-t- k 1)  -4- n  VA //L
< 0 0  ^  /2>
5 ^  ( k k - ) '1
.-liWH-mV i/ , 
H- 0. o( / i
t /
—2-<o( -4-7T l/^ » ’
e
9.6r«0
-+ - .  O  ( M )
( P 5 )
Considering now equation (F2), the required coe ffic ien t 
from the f i r s t  two terms is  obtained from
-S  • +  9 _  Z - tm
T T  w->{
IV
W) 0
w
^  . I/, ' ,
y f t  c ' r  i t
J t-tT ) £ t-_vv)
The f i r s t  and la s t terms cancel leaving the coe ffic ien t
i • ,
o f (1 -  w )2 as
oo
-U  ^ A t  ,
TT J /-v z
o
which becomes a fte r  an integration by parts
4 7
■ZTH/, 
& t
T Ttr
oI -ft A -ft J
(E6)
The contribution from the la s t two terms o f g(w) is  
simply found by replacing ’ h^ in  expression (E4) by the 
function given in Jones O ] ,
i . e .
L i f  ) .
o f t  I S l r O v
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In this way we obtain from (F4) the contribution
,  —Z+oQ
k - t  e .  / I
IT z T tY ) 1'
Addition of expression (’F6) gives the to ta l coe ffic ien t, ,
as
i r K
\  - V  1 _____
4-<7
w sittoO
(17 )
We are now in  a position to determine the constant, A, 
required in section (5 .1 ), and given by
J 9 L  -
Xa.< t i
We therefore have from (3?5) and (F7),
S t V  gftr L o i
i +  ( j -  —_J_ \
2/3 I 2. T J V -
’ —A-tLt WiA r i .-2=tot-k7T(/V \ /1 . =>t -+ e .  +  j _  e ,  t  / 1— 4  \
( t r o t y 1"  I  a / c t V 1- / v  P > J  
4 -  ^ W+m^ f w * Y l  - +  O t f * )
7T V L >
0?8)
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A P P E N D I X  G-
(2)We require the expansion o f the function h  ^ (w). 
about w = 1 in  order to obtain the c o e f f ic ie n t , .^ ,  o f 
(1 -  w)“H  •
. Erom equation (5.2.67) we have
b j2 )(w) =
8tt2£6 h )
I
I
(» K r
I to  v
~~ H £  A d
i t/ / -J'V -Aci tr -vdoiCfrV ll') *■
0 0 - 0  e  e .  ■ d t
Sir3 £c u> *■ C I—i f  r J ( i O  f t )
CO
-  u
7du> f  | *'i- j , A  - -A t  - A tP + k 'f t1 \ c 0 -0  e  e  ifc
Srr3 £. > J (> _ f  ( t f  Kv)'a/i
e
f  Ia) '‘■ (.I-w ) v J Vl-VU'/ (v f-vo )
A  _Z-icNvr . i
-u-\ e  ft A  tu) Ar .
(G1)
Considering the f i r s t  two in tegrals o f (G-1), we put t  = 1 
to give
4 % Tt4, ((3^  -t’etwo — ({-4 kZi  e  __ e  0
K
OTT 3 So VA) 1 ( . ( "  *■ ( k  r w
C o
t o '
co
-v . \ e ^ 3 0 —i t /  t 1" dbtr
(G2)
where
|2> — c>c f  \  1
(U  k " )
K
We therefore require an expansion o f in tegrals o f the form
( 0  l b about w s= 1,
0£> ^ OO
I  I  ( f t ' t f t  e //St A t  - 7 0 - u j )  ( f t  A t
J T  f t ; )  J ( f t  0 - ~  - , t )
(  ■ .. .  ' • '  • : . ■
oo CO
4 ( t - f  (  K  f t )  H  d h  +  0 - w f  ( f t  f t f t f t
J  ( f t  )  ( f t  ( | - w - i O
' '• Hj V; ' . ; -a: • 371
i \ - W  f  k f t )  f t * 7 M r  -  ( j - u f t  ( f t .  e f t 1 f t -  
j  f t f t u M t )  J ( f t  ( i - u ^ '/  t )
where K ft) = " ( f t  (ft -ilLftft) J
and, from Jones [VJ#
M  it =
f t  X X  ( I - f t '1- I
4 -  i u ‘/S' 1 A - u 4  +■ O  ( l - w f j  «
Near w = 1, the in tegra l can be written as
oo Oo
-M  4  A  it  = < ( (i-Ae/5t At 
^ ( t )  O - w - o t )  j T T p F )
CO
4  ( f t )  ( J f t f t e f t  d i r  —4 ( t - i f t  f  ( K r
J  f t ~  J f t 2-O 0 .
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* + I i  ( j~ w A  — ft i  rr e
( l - w )
/  TT V s  / / 2-
- + O 0 - P
"  3 '
Use o f this expression in  (G-2) and expanding
-tc/to "XcZ 
0 .
lAi ,z"
in  powers o f (1 -  w) . leads to
I , -TH/4. - A  (I-+V V  
h-t ©  e  _________
S it3 £ »  ( l - u ) ) 'A (U lA J
CO
f ( (l-ftO e /  dib -+ (i—to). 1 K(Ue£dJb 
I  J t 4 <^(b) eJ ( J  ■■»
+ J /  ( i-w Y - ft  (I-to )] fttt e Z  f  1 4  (i  V  4  -tV \ 1
I  ^  J  (i-to )v  1  V  0 J 7 V J
« vL
-fttt j 3|3 4  2 (|-to)j . / ( i - w / t o  (l-w )j J ) 4  ( l - O ^ i- t o ^
(G3)
which is  multiplied by io< fo r  the f i r s t  in tegra l and by 
\
c n / y
fo r  the second.
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Expansion of the firs t  term of (G.1) gives
-  h e   ( i d
? t/ o ( ( - +  ) /  l  ( i - / v
+ k _  e. ( i -w )  | 4
9 u X  ( l + / V i
3 /  -  3 1 + 0 ( l - /
( i - + k /  ( l + l )
I t  can be seen that the term of 0(1) in • (G-1) cancels with the 
f i r s t  term of the above expression, leaving the coefficient 
o f (1 -  w)“^  as
\ \ —TTl'/a, k )
h-t e  -e.
co
Sit/ , ( u T D
c (  0 - /  e / 3 i i r
J B'e- ( i afte \
°  I *  k k v J
>3
■+• 4  ^ ( k -tO  e f t  l b
( /  ( j - f t / / 34 / / / J
(G4)
We now expand the la st term of (G-1), which, from the iteration  
scheme (5.2.66), is  equal to
-LavO j
G  Z . K ( w )  +  S i  _____
LJ T rU  0 -/ "^  J l  ft f t ! / /
oo
-toe to 2^. . -• • —Ztcx.tr
/ \  L / g  d i ­
ces)
Following Jones jZ ] we write 
<30
T . --£_<Si (r f  , ~2--Udfc- . .
f(b-i\ LkJ)  e  I t  -  \ Z-k 6 ) e. dir 
() V l T j  T t o / T  ,3 V  ( t o . /
—2-ic< /" ,
— (l-w) ( Lwt0  G- dir — (l-w) \ M / h )  dir
}  ( /  ( t r - l / d - w )  J  b'4 ( V - l Y 4
OO OO
- v  ( l - w /  (  K v l O  1 6  - 4  ( l - w f  ( f  H k  V - H / o l d i r
)  t ' -  ( t - O '/ t o u )  ( t v l /  (to o l)
where ‘
K J L  -  L w ( b ) e ^ b - P ( 0  M tV
and ^
( © _ ! )
  s .  r  t r
( / [It-iY1' [bw) W1'- (l-w )V [  9-
(| -w )i ^l 4  (]~wj) \ 40 (|-w)Z
' ‘ V
Expression (G-5) then becomes, a fte r  expanding the f i r s t  term 
and the factor O  o f the second,
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The coe ffic ien t o f (1 -  w)*"2 is  therefore 
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by using the asymptotic expansion o f L given in
Jones jj2 , equ. 43] ,
where
4 , o . = ■ £ _ . [ " J L j o )  +  4 l _  C i n / )  ~ L V o ) l  1  
$ - I a. . J J
Thus the to ta l coe ffic ien t, ^  , o f (1 w) 2 from
equations (G4 and G6) is  given by
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The recurranee relations given by Jones 02 , equ.s 59 -62]
hold fo r  the -£ ^ 5  and hence
£ 6 )  -  C i,o  ( . l - J H  4 - e .
9
•2A-n-l/4.
4 -  0  ( f t )
is  given from (5.2,66) as
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Making use o f the above equations in (G7) leads to 
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Lame Polynomial Theory
This appendix contains the relevant theory o f Lame
• polynomials used in  Chapter 6 as given by Arscott 05j| •
We begin by stating Lame*s equation, i . e .  Laplace*s. 
equation separated in  e llip so id a l coordinates,
d2w
• , d ?
which has f i r s t  and second solutions denoted by aE  ^ (z ) ,  
a’Pn employing the notation o f Ar'scott, where m runs
from o to n.
An orthogonality property which is  extensively used in 
the main text is  as follows:
‘ aK  K+SUK'
-2K K-& K '
as 0 fo r  functions with d iffe ren t . a, n and -m 
= C d £ fo r  polynomials of the same type with
j jh  — n (n  + 1 ) k  s n 2z  j w 0 (H1)
where B  denotes +1 or -1 according as cnz is  or is  not
a factor o f ( z ) .
The f i r s t  solutions, aE  ^ (z ) ,  are related to the e l l ip t ic  
functions by means o f normalisation constants. Various 
conventions are used, but here we adopt one which specifies 
o f constant, C, o f equation (H2) to be unity. This leads to 
the follow ing l i s t  o f polynomials written e x p lic it ly  in  terms
o f e l l ip t ic  functions.
]h
a,E*o ~ ( -k
Srr VTT.
-  f i f t e e n 9  }  Ac ,
w
V
E Y o O H H H P n c t
Uxrk'J
(H 3 )
SOe : w r . f t  Zho end.
^  f t  (°0
cd Y )
A
civc<
•A
( H 4 )
|— - O 1
f t  I  -  a .
a
S n H
V b p
)  (H5)
where the constants nSCf nsg> ^ d *  n'l an<^  n2 calculated
presently.
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Various relations between products of e llip t ic  functions 
and Lam£ polynomials are required for .the evaluation of 
integrals in Chapter 6. These are listed  below.
o \
~  ~A_ H* cl Jkxi&oAr- Coottnatim 0^ p
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In  section (6 ,4 ) we require the actual forms o f the linear 
combinations in equations (H6)• These are given by
sr\vo( sv^ /S — I -v s
1 A Y
Ch/c-K/S _  f t /  4- u E p E
o  r  ( h 8 )
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, . U w r J
d, ~  k f t  
•2
W _ i a = f e L , ‘
. ( i -  E F )  t
d i  -  / f t I - A - /
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We shall now proceed with the determina«ion o f the 
normalisation constants ng(J, ngd, nQd, n^  and n2* From 
equation (H2) we have
\ f L ScE,0 p (olJ/5)]X (Sn^ -SD/S) doC 4/S - t
i . e .
i -. ■ •
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Employing the follow ing in tegra l,
.•X df clic tc Ontt ctnu. 4 - A  H E )  Snu. onudncc
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E C D  [  "3 - -  8 1 k /
F  L 3 /
together with formulae fo r  (sn^ u du and js n 2 u du, given 
in  Bowman jjT], we obtain the r igh t hand side o f (H10) as
k K  f n  - + 5 E -  la/kfetf fe+ kjl -  b E  fjq-t- loF- U C h k X ]
W F L  j  ^  JvfX
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a fte r  .using Legendre*s formula
KE' + E/E -  KK' = 7T
Equations (H10) and (H11) then lead to
nsc H r  u - f t )
1 5  f t
(H11)
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By sim ilar methods, making use o f (H12), it . can he shown, that
* sa2 = l i  ( l - P  
IS f t
(H14)
and ncd g r r  C l - k A  
1 5  f t
(H15)
A rather more tedious calculation is  required to determine
and . 
We have
r" Oj I 1- , ■ v
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I  x f t O
n
where
( ~  i+ f t  ±  o - f t f t /
iE - 3 f t
Evaluation o f the various in tegrals using the formulae fo r
^sn^ u du, | sn  ^ u duf ^ sn2 u du, is  fa ir ly
straightforward, and, a fte r  some sim plification  and use o f 
equation (H12), we obtain
n. 2 f
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J _  -  V z  G i f t )  +  [% + 2S k  
5 t  5  3 ft  6 ft
"4-
-A z 3 Ck ft) -l f t  z 4'
with a sim ilar expression fo r  n2 , z being replaced by z* 
Substitution o f z and z* results in
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We now turn to the evaluation o f the coe ffic ien ts ,
• .-l
n ? required in  the expansion of I £ — j given by
. k— i— m _ - _ - r <n
I f -  t K  L —
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M ultiplying both sides by p(?kf2>).
and integrating over = ^  leads to
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by use o f the orthogonality property (H2). This in tegra l 
has been studied by various authors including Arscott QY] ana 
Sleeman Ql2] and from th eir results equation (H17) becomes
a. yy\ - . m
. k in A p U A  / £  =  q .  F „  6 r ) (HI 8)
A
where A depends on a, m and n.
To determine X we use the eauation
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from the Wronskian rela tion  given in  Arscott (j>, p .2253,.fo;?
polynomials o f the form snr  z cns z dn  ^ z.
Thus we have
S+(r * '2irrt\
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using the outward drawn normal, n, to the surface’ ' S.
\
Application of Green’s theorem then leads to
■ S+tr t I 2^ 4-1
( ~ i )  ( I n - 0  k
2 v \  AnPUols / V K U .
• i f e V t  r  V
' (H19)
Equations (H18) and (H19) give the general formula fo r  Aa n as
?TT J f ; cv)  j i
( i h + i) |r +b t  l a
S + t-** r
b
(K20)
£ being -  1 according as cnz is  or is  not a factor o f
aE* (z ) .
We therefore require e x p lic it  forms o f the functions 
a5^ (fr). These are supplied by use o f the formula
v  •. • • % '■ '
a i ^  ( Y )  = ( 2 i v + 0  k  aBlOd  f  [  ^ E y ,  ( , ) ]  d z .  }
■tK'
(H21)
fo r  types with a = u or s. -For functions containing the 
factors cnz and dnz, equation (H21) is  multiplied by the
factors -1 and — k t  respectively . Equations (H20) and
(H21) then y ie ld  the. fo llow ing formulae
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where the integrals o f '/ s» v  , 1 / « ’ z  « d  1 / a „v
were found from Bowman [jf]*
sc sd cdFor the coe ffic ien ts  Aq 2 , Ao 2 A0 2 ra'th©** more
complicated integrals are required am these are lis ted  below;
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the la s t ^integral being given by Bowman £9]  and the previous 
two deduced from i t .
We therefore have from equations (H20 and 21)
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These can be evaluated by considering a solution, W(Z), of 
lame’ s equation and noting that
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Employing th is re la tion  in  equation (H25), and noting that 
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Using the in tegrals (H23) results in
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